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PREFACE. 



The want of a text-book on the Calculus of Operations 
has long been felt by mathematicians. The extensive 
practical bearings of the Differential and Integral Cal- 
culus, and the theoretic interest which is associated 
with the Calculus of Finite Differences, render it de- 
sirable that the processes required in these branches of 
analysis should be reduced and simplified as far as 
possible. To the student, the Calculus of Operations 
proposes to facilitate and abbreviate his labours, while, 
to the advanced mathematician, it offers a method 
which wiU enable him not only to arrive at known re- 
sults with ease, and express them with elegance, but 
also to extend his investigations with certainty and 
rapidity. 

To illustrate, however inadequately, the power of 
this Calculus, is the object of the following Treatise. 
In its preparation all prolixity of detail has been stu- 
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diously avoided, as alike unnecessary and wearisome. 
It has been sought also to exclude, as far as possible, 
metaphysical subtleties, which might perhaps lend an 
air of learned mystery, but which serve only to em- 
barrass the reader and weaken his confidence in the 
results at which he may have arrived. 

With a view to the partial indication of the nature 
of the subjects discussed in the Fellowship Lectures of 
this University, and more particularly in so far as the 
development of this branch of analysis is concerned, I 
have been requested to append notes to the various 
articles derived fi'om this source. For greater facility 
of reference, and as a contribution towards the history 
of this department of science, I have been induced to 
adopt the same course with regard to assistance de- 
rived fi'om other sources. Wherever the subject of 
any article has been originated by another, and the in- 
vestigation or method of treatment is, so far as I am at 
present aware, my own, the reference is appended im- 
mediately after the statement of the subject of the 
article. Wherever the subject and method of treat- 
ment are both due to another, the reference is given 
at the end of the article. It is not, of course, neces- 
sary, nor would it, indeed, be possible, to extend this 
system of reference to the caise of those articles which 
wiU be at once recognised as common property. 
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Where any of the results contained in the following 
pages have been already published by myself, either 
in the "Cambridge and Dublin Mathematical Journal,'' 
or in the " Philosophical Magazine," I have in such 
cases simply stated the name of the periodical in which 
such results may have appeared. With the exceptions 
stated, the remamder of the book is, I believe, new. 

My first and largest acknowledgments are due to 
the Rev. John Hewitt Jellett, Professor of Natural 
Philosophy in this University, whose Treatise on the 
" Calculus of Variations'' first led me to independent 
and original investigation. My next acknowledgments 
are due to the Rev. Charles Graves, Professor of Ma- 
thematics in this University, whose investigations in 
this branch of analysis have largely contributed to illus- 
trate its elegance and power, as the following pages 
will abundantly testify, and to whom I am indebted for 
acquaintance with many valuable sources of informa- 
tion. The amount of assistance which I have derived 
from the valuable collection of Examples illustrative 
of the processes of the Differential and Integral Cal- 
culus by the late Mr. Gregory, Fellow of Trinity Col- 
lege, Cambridge, is very considerable, and much of 
the importance now attributed to the Calculus of Ope- 
rations is due to the vindication and illustration of 

its claims by that distinguished mathematician. My 

b 



X PB£FAC£. 

acknowledgments are also due to Sir John Herschel, 
whose Supplement to the translation of "Lacroix^s 
Differential and Integral Calculus,'' so remarkable for 
the subtlety of its reasonings and the breadth of its 
conceptions, I have studied with much advantage. 

I would offer my best thanks to Mr. Arthur Cur- 
tis, to whom I am indebted for many valuable sugges- 
tions and much kind assistance in the revision of the 
sheets of this work during its progress through the 
press. 

In dedicating my book to the Board of Trinity 
College, I have endeavoured to show my appreciation 
and respect for the enlightened liberality with which 
they invariably support every genuine effort for the 
advancement of learning. 

TBcnrr College, Dublin, 
March, 1855. 
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Calculus of Finite Differences, the symbols of operation em- 
ployed in illustration, and the laws by which they are governed, 
are those belonging to the branches of analysis named, and 
are consequently familiar to the reader. 

The differential equations proposed as examples are classi- 
fied according to the methods by which it appears that their 
solutions are most easily derived. After each class of ordinary 
differential equations, where there is but a single independent 
variable x, will be found, either in the same Chapter orj 
that immediately consecutive, the class of corresponding, 
tial differential equations in two independent variables 
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CALCULUS OF OPERATIONS. 



CHAPTER I. 

INTRODUCTION. 

1. The Calculus of Operations, in the greatest extension of 
the phrase, may be regarded as that science which treats of 
the combinations of symbols of operation, conformably to cer- 
tain given laws, and of the relations by which these symbols 
are connected with the subjects on which they operate. 

As the principal object of the present work is to reduce and 
simplify the labours of the student, and as the great practical 
utility of the Calculus of Operations, at present, arises from its 
bearing upon the Differential and Integral Calculus, and the 
Calculus of Finite Differences, the symbols of operation em- 
ployed in illustration, and the laws by which they are governed, 
are those belonging to the branches of analysis named, and 
are consequently familiar to the reader. 

The differential equations proposed as examples are classi- 
fied according to the methods by which it appears that their 
solutions are most easily derived. After each class of ordinary 
differential equations, where there is but a single independent 
variable x, will be found, either in the same Chapter or in 
that immediately consecutive, the class of corresponding par- 
tial differential equations in two independent variables x and 
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2 INTRODUCTION. 

y ; and it will be evident that the method employed is wholly 
irrespective of the number of such independent variables. 
It seems probable that, by this arrangement, the genera- 
lity and symmetry of the Calculus of Operations will be best 
exhibited, and the facility with which it can be employed 
most completely illustrated. 

2. Two circumstances appear to have contributed to the 
retardation of the progress of the Calculus of Operations, as 
well in its theory as in its practical application. The first 
circumstance is, that it has been generally held by mathema- 
ticians, whether directly or by implication> that inverse symbols 
of operation (whether distributive or not), and consequently 
all inverse functions of such symbols, are in their nature inde- 
terminate. I believe this to be a fundamental misconception, 
and that any indetermination which may exist is due to a 
different source, namely, the indetermination of the subject 
of the direct operation, or, in practice, the dependent va- 
riable. 

Thus, <[> being any distributive symbol of operation, if we 
have a linear equation with constant coefficients, 

^O". M + B<^^. M + . . . + r . M = o, 

or, 

we know that, in general, u is indeterminate. 

Moreover, in general, the solution of this equation is given 
by the evaluation of the symbolic form, 

« 

F(<P) JP(0) 

and it will be seen that the value of the first term in this so- 
lution is, in all cases, strictly determinate. The indeterminate 
or arbitrary portion of the solution is ^ven by the second 
term, and it will be seen that here the indetermination is due 
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INTRODUCTION, 3 

to a source quite independent of the character of the functional 
operator. 

For confirmation of this view the reader is referred to the 
Chapter of this work upon the application of the Calculus of 
Operations to the integration of Difierential Equations, Total 
and Partial, and to the Chapter upon the application of the 
same Calculus to the subject of Finite Differences. 

The second circumstance which seems to have limited the 
practical employment of the Calculus of Operations is that, 
although mathematicians were familiar with the distributive 
character of certain symbols of operation in constant occur- 
rence, as well as with the distributive character of any direct 
function of those symbols, they do not appear to have been 
aware that not only are the corresponding inverse symbols dis- 
tributive, but that any inverse function of those symbols is 
equally distributive. 

The former of these two points, namely, that if any symbol 
be distributive, its inverse is also distributive, is due to Mr. 
Murphy.* The second point, namely, that not only the sim- 
ple inverse symbol is distributive, but that also any inverse 
fimction of the symbol is distributive, is intimately connected 
with the cause of the retardation of the Calculus of Operations 
first specified, and its establishment and practical application 
forms a distinctive feature of the present treatise. 

3. With regard to the subject of integration, many of the 
methods in ordinary use appear to labour under three capita} 
defects. The first defect in the methods, to which allusion is 
made, is their extremely artificial character, which occasions 
much embarrassment to the student at first, and considerable 
difficulty in his effort to retain them. The second great defect 
in these methods is, that they seem wholly unsusceptible of 
useful generalization. The third defect is less common, and 
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4 INTRODUCTION. 

consists in this, that some of the processes employed are cir- 
cuitousy terms being introduced which subsequent operations 
cause to disappear. The methods here put forward appear to 
be free from these defects, and, in so fiir as they are calculated 
to reduce and simplify the labours of the student, may prove, it 
is hoped, a practical good. 

4. In the Chapter on the application of the Calculus of 
Operations to the solution of Partial Differential Equations, 
most of the illustrations are borrowed from " Gregory's Ex- 
amples of the Processes of the Differential and Integral Cal- 
culus," Walton's edition, 1846. The general merits of this 
manual are very considerable, and I am myself largely in- 
debted to it. There are, however, some deficiencies in it, 
which I have endeavoured to supply. 

By a comparison of certain solutions as given there, in the 
Chapter on the integration of Partial Differential Equations, 
with the solutions of the same equations as exhibited in the 
following pages, it will be seen that many of the former are, in 
point of symmetry, incomplete. During the last few years our 
conceptions of the Calculus of Operations and its uses have 
been corrected, widened, and deepened. The errors particu- 
larized appear to have been the necessary result of the methods 
employed, and the methods employed to have been the only 
ones recognised in the then existing condition of this branch 
of analysis. It is d priori evident that when the equations to 
be integrated have a symmetrical character, not only should 
the solutions be symmetrical, but symmetrical methods should 
be employed for their deduction. Now in the cases to which 
reference is made, the methods employed are unsymmetrical, 
and we might consequently have anticipated that the results 
would be, as they are, incomplete. 

A remark to the same effect as that just made, although in 
connexion with a different subject, is the following : — 

*' In algebraical analysis it is frequently useful to observe 
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whether the algebraical expressions under consideration are 
homogeneous or not ; that is, whether the dimensions of every 
term be the same or not ; for, if this homogeneity be found at 
first, no legitimate operation can destroy it ; or, if it be not 
found at first, it cannot be introduced ; and thus an easy test 
is afforded, to a certain extent, of the accuracy of each succeed- 
ing step in the analysis. 

" For example, if the equation 

be proposed for solution, in which every term is of three 
dimensions, that is, which is homogeneous, every step of 
the solution will present an homogeneous equation, if it be 
correct. 

" As a simple case, it may be well to observe that, if the 
proposed equation be homogeneous, the final result must be 
so. A proper attention to this observation will fi*equently de- 
tect an error in the process of solution.' 



»« 



5. It has been remarked to me by Professor Boole, that 
the great diiBSculty in the study of the Calculus of Operations, 
as connected with the Integral Calculus, consists in the inter- 
pretation of the symbolic results at which we may have arrived. 
The farther the relation between these two subjects is prose- 
cuted, whether in the solution of Differential Equations, the 
extension of Definite Integrals, or the reduction of equations 
in Finite Differences, the more imperative becomes the de- 
mand for such interpretation. In all these cases, so long as 
the solutions are symbolic and not completely evaluated, they 
are unsatisfactory to the advanced mathematician, and perhaps 
calculated to lead the younger student to imdervalue the uti- 
lity of prosecuting these branches of analysis in conjunction. 
A large portion of the present work is dedicated to this sub- 

* •' Wood's Algebra," Eleventh Edition, by Lund ; Appendix II., p. xlix. 
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jeot, and a special Chapter is devoted to the interpretation of 
oertain symbols of operation, which appear to possess peculiar 
significance. In the Chapter upon the application of the Cal^ 
cuius of Operations to the Theory of Curves and Surfaces 
will be found also some interesting and elegant interpretations 
of symbols of Operation in connexion with Geometry, for 
which 1 am indebted to the Kev. Professor Graves. 

6. In the chapter upon the integration of Partial Differen- 
tial Equations it will be observed that I have not employed 
the usual notation for the partial differential coefficients of a 
lunction of two independent variables, namely, p, q, r, «, ^, 
&o« I have been induced to abandon this notation mainly 
firom the conviction that, by its employment, the symmetry of 
many partial differential equations has been disguised, and the 
likelihood of the discovery of operational methods of solution 
proportionably diminished. An additional and weighty rea- 
son for the rejection of the old notation is the con^eration, 
that it is calculated practically to prevent us firom extending 
our view to the case of iunctions of three or more independent 
variables^ and even in the case of two independent variables, 
to preclude the entertidnment of partial differential equations 
of an order higher than the second. 

7. Some interesting results will be found in the Chapter 
upon the apjdication of the Calculus of Operations to the inte- 
gration of systems of Simultaneous Diflferential Equations^ 
Total and Partial. The illustrations of this employment of 
the Calculus of Operations hitherto put forward seem, firom 
thdr tentative character, and the meagre results whkh have 
attended them, periiaps calculated to weaken the confidence of 
the student in the generality and effidency of this Calculu& 

In this same Chiq^r will be found also some illustrations 
of the iqpplication of the Calculus of Operations to the extension 
of Definite Intends. 



i 



INTRODUCTION. 7 

8. The advanced student, who is desu*ous of extending his 
knowledge of the Calculus of Operations beyond the limits 
which have, of necessity, been observed in an elementary trea- 
tise like the present, is referred to the elaborate Papers pub- 
lished in the " Philosophical Transactions/' by Professor 
Boole, Dr, Hargreave, and Rev Mr. Bronwin ; in the " Pro- 
ceedings of the Royal Irish Academy," by the Rev. Professor 
Graves ; in the " Cambridge and Dublin Mathematical Jour- 
nal," by Professor Boole, Rev. Mr. Bronwin, Mr. Sylvester, 
Professor Donkin, and Mr. Spottiswoode; in the "Philosophical 
Magazine," by Dr. Hargreave and Mr. Sylvester ; besides the 
Papers of various other mathematicians, whose labours in this 
field of research have contributed to its development. 
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CHAPTER II. 



ELEMENTARY PRINCIPLES. 



1. Two symbols <P and ^ are said to be commutative when, 
u being the subject on which they operate, 

A symbol O is said to be distributive when, u and v being two 
distinct subjects, 

A symbol $ is said to be iterative^ or to follow the law of in- 
dices, when 

It is to be observed that this third formula is not to be re- 
garded as a law of symbolic combination in the same sense as 
the first, nor as a law of symbolic operation in the same sense 
as the second. In fact, ^'^. u is rather to be regarded as a mere 
abbreviated notation for the result of the operation <[> per- 
formed m times successively upon m, 

$ . O . O . . . • ti, 

than as equivalent to the result of any operation raised to the 
power wi, performed on u. 

The laws stated being the principal ones which occur in 
the practical employment of the Calculus of Operations, we 
shall for the present confine our attention to them. They 
may be called, respectively, 

I. THE LAW OF COMMUTATION ; 
II. THE LAW OF DISTRIBUTION ; 
III. THE LAW OF INDICES. 
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2. We may at once observe, that whatever theorem is true 
for any one symbol which satisfies these laws is true for every 
symbol which satisfies them. 

Now the symbols of numbers satisfy them ; indeed all 
algebraical equations may be considered as having the same 
subject, unity, and the constants, as denoting sums of opera- 
tions performed on unity. Again, the symbols of dtfferen^ 
tiation satisfy those laws ; for if w be a function of the two 
independent variables x and y, it is known that 

DjcDy . u = ByDx . u ; 

that, if u be a function of a only, 

Djc (m + r) = DjcU + D^v ; 
and that 

Hence we deduce the important consequence, that every 
theorem in Algebra, which depends on those laws, has an' 
analogue in the Differential Calculus. 

In illustration. If we have a linear equation, with constant 
coefficients, of the form 

^^.u + Ai <[>»"* . w + ^2 <^"'*» u + . . . + AnU = X^ 

where O operates solely on w, and is therefore commutative 
with Ai9 -4 2, • • • An9 then the symbolical solution is 

r (o" + Ai^-^ + ^2^i>"''+ . . + Any^.x 

u = < + 

I (O" + Ai O"-' + ^2 ^"-' + . . + An)'^ . 0, 
or 

w = ^ + 

iNi (^ - fli)-^ + JV2 (O - a^yK + . . + JV„ ($ - «»)-^0. 

^1, N29 &c., fli, a2> &C.J having the same values as in the reso- 
lution of the rational fraction, 

c 
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1 



g«+ ^^^«-i + ^,^n-2_^ . . + ^„' 



supposed resolvable into a similar series of terms. The eva- 
luation of the symbolical solution, of course, depends on the 
particular form of <[>. 

It will be seen that the first group of terms in the solution 
is in all cases strictly determinate, and that the arbitrary por- 
tion of the solution is given by the second group. It will also 
be seen that there are many cases in which the evaluation of 
the first member can be obtained without the resolution into 
factors of the symbolical operator. 

3. If a symbol O be distributive, any power of the symbol, 
positive or negative, will be also distributive. 
In the case of positive powers, we have 

«4;he sign (•) being employed to distinguish O as an operational 
symbol from its usual acceptation as functional of the quan- 
tities contained under it. As the student becomes familiar 
with the use of operational symbols, this sign will be occa- 
sionally omitted, as unnecessary. 

Operating with O a second time, we get 

and, by successive operation. 

In the case of negative indices, assuming as a definition that 

and that the result of the operation of either side of this equi- 
valence upon the same subject is the same as if the subject 
had not been operated upon at all ; if we operate upon either 
side of the fundamental equation 

with O'S we see that 
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But the left-hand member may be written in the form 

and consequently the equation itself, in the form 

♦I>"* . <[> . M + O* . O . u = O"^ . (^ . tt + ^ . r), 
or 

O-^ U+ ^-K F= 0-».(£7+ F), 

and from hence, by sucessive operation, it appears that the 
theorem is true for negative powers in general. 

4. It may here be observed, that if we operate on both 
sides of the equation 

with ^"^, it might be supposed that, inverse symbols being re- 
garded as in their nature indeterminate, the result should be^ 
written 

u ■¥ V = ^'^ [^ . u ■\- ^ . v} + ^'^ . 0, 

and not 

u -\- V = 0"*{0 . w + O . v}, 

simply. 

But it is plain that if the left-hand member of any equation 
be determinate, as the left-hand member in the above equation 
is supposed to be, the right-hand member of the same equa- 
tion ought to be equally determinate, and consequently no 
such term as O"^ should be introduced. There is an obvious 
difference between this case and that of the solution of diffe- 
rential equations and equations in finite differences, in which 
the dependent variable, which corresponds with the left-hand 
member above, is indefinite and indeterminate. 

5. Any algebraic function of a distributive symbol O is 
itself also distributive. 

For since 
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0^ (t* + r) = <[>*. tt + ^\ V, 
O^. (tt + r) = ^'. M + ^' . v, 

&c. 
4>" . (?/ + t;) = 4>'* . M + <[>" . V, 

if we multiply the first equation by ^i, the second by A29 the 
third by -^3, &c., and add, we get 

C(Ao + -41^ + ^2^'*+. .)" 

[_(Ao + -4 1$ + ^2^^* + • 0^ 

or generally, if F be any algebraic function, 

F(4>) . (w + 1?) = F(0) . u + F(0) . V. 

Murphy, Phil Trans.^ 1837. 

We have here only established the principle for positive in- 
dices, but it is obvious that the same demonstration will hold 
for the case in which the indices are negative, and conse- 
quently for any indirect function, or that 

1 . , 1 1 
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F(0) • V- ■ ^/ F(<l>) F(0) 

6. Any two functions of the same distributive symbol are 
commutative, and if any quantity be operated on successively 
by two functions of the same symbol, the result is the same as 
if the quantity had been operated on originally by the product 
of those functions. 

This principle mny be established by a ^nVz considerations, 
but the student will most readily and immediately satisfy him- 
self of its truth by actual trial. For example, he will see that 
the result of the operation 

is the some as the result of the operation 

(i), + b) . (i)x + a) . F{x), 
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and each is the same as the result of the operation 



(Z>J + « + hD:c + ah) . F{x). 
7. To legitimate the equivalence 

it is necessary and suflScient that ^ and ^ should be commu- 
tative. 

For, expand both sides, and in order that 

we should have 

(^ + ^)» = ^* + 20^ + ^*. 

But t)ie value of the left-hand member is, in general, 

and consequently, the equation just stated cannot hold unless 

that is, unless the symbols ^ and ^ be commutative. More- 
over, when these symbols are commutative, it is immediately 
obvious that the general equivalence does hold. 
As an application, the symbols 

xDy - yDjc^ aDx^ bDy^ 

are not commutative, consequently we cannot assert the equi- 
valence 

nor consequently the equivalence 

An important application of this example will be found in a 
subsequent Chapter. 
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CHAPTER III, 

APPHCATiON TO TUB IXTBGRATION OF UNBAR TOTAL DIFFK- 

RBNTIAL BQl ATIONS. 

Sbction I. — Pkblimixary Thsorbms. 

I. If we operate whh the symbol xl}^ upon op*, we find 
that 

0{>eratiDg witK the same symlx^ upoa both side^ of tlub equa> 
tioii> 

aud, by succeis^ve operation. 

Hence the theorem that, if ^ be any algebraic function, 

F{xI)j:) . j^ = F{»i) . or*. 

Boole, PkiL TVaw^ 1844. 

For the purpose of future application, and of more ready 
identification with a theorem to be ^ven in a subsequent 
Chapter, I prefi^r stating this^ theorem in the sli^itly di&rent 
form 

F{xDjr) .A^x^^ F(m) . An, x^, 

where Am i^ any conj^tant. 

The theorem has been only demonstrated for direct powers 
and any direct ftmcdon, but it is obvious that the same proof 
will apply, to inverse powers and any inverse function. It is 
also to be remembered that inverse functions are as well dis- 
tributive as du'ect functions. 
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2. Now, if U be any algebraic function of a;, it can, in ge- 
neral, be put under the form 

where Aq^ A^^ A 2^ &c., are constants. 

Hence, since F{xDx) is distributive, we obtain the more 
general theorem 

F{xD;)U=F{(d)Ao+F{\)A^x^F{2)A^^'\',..^F{n)An3if', 
with the corresponding theorem for inverse functions 



F{xD;) F(0) ' F(l) ' F{2) ' F(n) 



Examples, 

(1.) Let the results of the operations of a*^^' and -7^; re- 

spectively, upon [/, be investigated. 
They are, respectively, 

Ao + aA^x + a^^gic' + . . . + aVl„;r", 

Graves, Fellowship Lectures^ 1851. 
and 

1 ^ J o 1 J 

a a'' a" 

(2.) Let the results of the operations of F{xD^ and 

1 A x^ , , 

, respectively, upon ^ " , be investigated. 



F{xD,) 

The subject being expanded, the results required are, re- 
spectively, 

F(0) I + F(n) ^ + F(2«) ^^' + F{Zn) ^^^ + &c. 



and 



1 , 1 AnX^ 1 (^„aj»)2 I {AnX'^y . 



i^(0) Fin) 1 i^(2w) 1.2 i^X3w) 1.2.3 
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3. It is easily demonstrable that, whatever be the subject 
of operation, w, 

xDx (xDx -I) . u = x^ Dl. Uy 

&c. 
and, generally, that 

xDx {xDx - 1) (xBa: - 2) . . (xDjc - n + 1) . w = ai" J>; . tt. 

Boole, Phil Trans., 1844. 
Hence it appears that 

xDa:(xDa:-l) ..(xD^-H^l) .x^-m(rn- 1) ..(m-n+ 1) .^"», 

and consequently that 

xDa: (xDx - 1) . . ipcDx -w+ 1) .rc"= 1.2.3...n.aj", 

results which might have been deduced at once from the 
theorem 

F(xDx) . x^ = F{m) . a;»». 

4. If we operate with the symbol a Da: upon af*r, we find 
that 

xDa; . x^^v = x^ . (xDx + m) V, 

Operating with the same symbol upon both sides of this 

equation, 

(xD^y , x^v = x^ . {xDx + myv^ 

and by successive operation, 

(xD^y . x"* v = a?"* . {xDx + my v. 

Hence the theorem that, if i^be any algebraic function, 

F{xDx) .x^v^-aT' F(xDx + m) v. 

Boole, PhiL Trans,, 1844. 

This theorem again holds as well for inverse functions as for 
direct. 



.: 



^f 
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5. By the substitution x = e*, we obtain a very useful 
form of the theorem 

namely, 

F{B,).A^e^^ = F{m),A^e^^. 

This latter form is perhaps more simple, and thus naturally 
would appear to claim precedence of that given first. The 
first form, however, is more susceptible of generalization, and 
lends itself equally to practical appHcation. 

And here it may be observed, that the student will derive 
considerable benefit from the habit of employing transforma- 
tions similar to that above exhibited. The same theorem is 
thus regarded from so many distinct points of view, and the 
chances of its susceptibility of generalization, or useful prac- 
tical application, proportionably multiplied. 

By the same substitution the theorem 

F{xDx) . x'^v = x'^ . F{xDx + m) u 
assumes the form 

the following modifications of which are occasionally useful, 
namely, 

and 

e*"^ F(De) e""*^ v = F{De - m) v. 

6. It is known that, if m, r be any functions of 0, 

or, omitting the suflSx for the present, 

D .uv = u.Dv-\- Du . 27, 

in connexion with which the student will observe that wher- 
ever the symbol (.) immediately follows a symbol of operation, 
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h is to be understood tfat saeti svrabol ofeazts calht attire 
tenn to its right; wfaocftsv if diJ sine a^ immefiiteiT 6t 
low? a smbyeti ot opecadoa, it k to be imderstoQd tint any 
cpcxstioii JTMBJcatgd is tliere toxnaztsted. 
OpcEatii^ with 2> a aeeoad timCp we get 



and opeci&^ a tEtzrd time with the sune srmbol^ 

It K efident that^ in the some msunery iT * l>e any integer^ 

Arrai i giu g dtese rescdta^ now^ in a tabcdaar iana, we have 



Z> . mr = a . Ihr 4- Da . y, 

Z>». MF = a.2>tr+ lZ>tt.Z>i7 ^ Z>*tt.r, 

i>. W7 = a . Z)Hr ^ 32>a . Z>Hr + 3/>^ . Lh: « i>« . r. 




a . ii — I 
1.2 

Mnltiply the first equation, bj J[,>, the second by JLl? the diird 
by A29 and ^ mi, and add. Then 

a.(-i3 + ^iZ>-r^.Z>^ ^ ,/>« i- . . . -r Jh»D" ) . «7 
— . (2Ja + 3 . 2 . ^jD -4.3.^^ - . . . ^ a . a- I . J.,»Z>--*) . ty 
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But it will be observed that 

A^ + %A.J) + ZAJ> + \AJ> + . . . + nAJ)^^ 
bears the same relation, in point of character, to 

A^^A^D^AJ>^AJ>^AJ>^...^^ArXl^, . 

as 

Ax + 2-480? + ZA^x^ + \A^ + . . . 4 nA^i^^ 

bears to 

A^ + AxX + A<^ + -43*3 + A^Qi^ + . . . + -4,x". 

Now, if 

A^ + -4ia; + -42a;* + A^ + . . . + A^ «= F{x\ 

we write 

-4i + ^A^ + 3-4sir' + . . . + nAffif-^ = ^(aj) ; 

and so if 

Ao + ^iJ9 + AJ)^ + . . . + ^n2>» = F{D\ 

we may write 

^1 + 2A^D + 3^,2)» + . . . + nAnI>-^ = /^(D) ; 

where all that is meant is, that F (D) bears the same relation 
in point of character to F(^D)^ as F'(x) bears to F(x). 
It is obvious that 

2A2 + 3.2. A^D + 4.3. A^I^ + . . . + n . n - 1 . ^n^"* 
bears a similar relation to 

Ai + 2A2D + 3^3^^ + . . . + n^„2>-S 

and may be written 

F^(D); 

and so on for the remaining terms. 

Hence we derive the important theorem that, if jPbe any 
algebraic function. 
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F{D) .uv = u. F(P) » + ^ .F(P)v +f^.F' (D)v + &c. 

1 I • iff 

Haj^greaye, Phil Trans., 1848. 

By the substitution e^ = a;, before employed, we obtain a form 
of this theorem, namely, 

which is equally susceptible of application with that previously 
given, and at the same time suggests an elegant generalization^ 
which will be exhibited in the following Chapter. 

7. It is known that 

u . Dv = D .uv " Du . V. 
If for V in this equation we write Z>i;, we get 

u . D^v = D . uDv - Du . Dvy 
or, by the previous formula, 

u . D^v = D(D.uv-Du.v) -D . Du . v + DHc . v, 
or 

u . D^v = D^.uv -2D.Du,v + Dhi . v. 

Substituting again in this equation Dv for v, and employing 
both the previous formulae, we get 

u . 2)3r = D\ uv - 32>^ Du.v^SD. D^u . v - D^u . v, 
and generally 

u . 2)»t? = D\ uv - nD^'K Du.v-^ ^'^"^ D^'^ . DhA . v - &c. 

Hence, in a manner precisely similar to that employed in the 
last article, we get the corresponding theorem 

u .F{D)v = F{D) .uv - ^{D) .Du.v + F\D) .-^^v - &o. 

Hargreave, Phil Trans., 1848. 
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By the Bubstitulion e' = a;, as before, we obttun the corre- 
sponding form of this theorem, 

- &c. 

8. It is already known that, if ^ be any algebraic function, 

and, similarly, that, if ^ be any other algebraic function. 

But it is known also that 
Hence we infer that 

This theorem being written in the slightly different form, 
if we multiply both sides by c"***, we obtain the singular result 

Bronwin, Canib, and Dub, Math* Journal^ 1848. 

Section II. — Application of preceding Theorems. 

9. All differential equations represented by 

where A^ B^ &c. are constants, and X is any algebraic func- 
tion of the independent variable x only, may obviously be 
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transfonned, by the third article of the previous section, into 
the shape 



AxDa:{xD^-- 1) . . . {xD:, - a + l) 

+ 
+ &c. 



> .y=-x:. 



Consequently, the solutions of all such equations are given by 
the evaluation of the symbolic form 



where 



1 ^ 1 

^ F(xI),)''^^JFlxD^)'^' 



AxDx (xDx - 1) . . . (ar2>a 

+ 
F(xD;) = <j BxD^ixD^ - 1) . . . {xD:, 

+ &c. 



-a+ 1) 



-^+1) 



Now, with regard to the symbolic form of the solution, if we 
suppose that 

X = i + i/a; + iVi^ + . . . + Tx% 

the value of the first term in the solution is perfectly definite, 
and, by the second article of the preceding section, is, in- 
stantly, 

L Mx Nx-" Ta^ 



F(0) F(\) F{2) 



F(ny 



while the evaluation of the second term gives the arbitrary 
portion of the solution. 

When the roots of the equation 

ar2)^(aj2)^- 1) . . (xD^-c^+ 1) + ~a;2?^(a;2)^-l)..(a;2>^-33+l) 

+ &C. = 
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are all real and unequal, the arbitrary portion of the solution 
is given by 

1 



(xDx - a) (xDj: -&)...+ (xDx - i) 

a, ft, &c., «, being the values of the roots. 
Now if Am be any constant, we know that 

(xDa; -m^.Amixf^ = 0. 
Consequently the general value of 

.0 = -:;^ .0= Caaf" 



.0, 



xDx - a xDx - a 

where Ca ifl any arbitrary constant. 

Hence, the general expression above being decomposed 
into a system of rational fractions, the arbitrary portion of the 
solution is, in the case of real and uneqtuil roots, given by 

where Ca^ Cti Ccj &c., C*, are arbitrary constants. 
It can be readily seen that 

{xDx - my . AmX^ . log a? = 0, 
(xDa: - my . AfnO^Qog aj)«= 0, 

&c. 
and generally that 

(xDj: - my. Am of" (log xy-^ = 0. 

Consequently, if the equation above contain p eqtial roots^ 
whose common value is a, the arbitrary portion of the solution 
is given by 

CaX^. (loga;)P-^ + (XaJ" . (logxy-^ + . . . + CiX\ 

where Cai Ci, &c., Cu are distinct arbitrary constants. 
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Finally, when this equation contains pairs of imaginary 
roots, the form of the arbitrary portion of the solution is 

Carnh, and Dub. Math, Journal^ 1851. 

10. Adopting the transformation before employed, x = e^, 
we see that, without the first reduction, the same method of 
solution as that just exhibited will apply to the class of equa- 
tions represented by 

Aiyiiy + BD'Q.y + . . . + T.y -=f(e\ sin©, cosO), 

and thus, this class can be integrated by a process simple and 
uniform, equally susceptible of employment in equations of the 
higher orders as in those of the lower, and, as will be presently 
seen, directly indicative,^ in either case, of a corresponding 
class of partial differential equations with the appropriate form 
of solution. 

In fact, the right-hand member being reduced to the form, 
now abbreviated, 

where m may be positive or negative, fractional or integer, 
real or imaginary, the equation becomes 

and consequently the solution required is 

and when m is imaginary we may restore the circular function. 
As regards the various forms which the arbitrary portion 
of the solution may assume, according as the roots of 

F(J)e) = 



LINEAR TOTAL DIFFERENTIAL EQUATIONS. 25 

are all real and unequal, some equal, or some imaginary, they 
are given, respectively, by 

CaB^^ + C^^^ + . . . + Ci^\ (I.) 

Cae'^K Op-' + C^^^.Op-^ + ... + de^, (ii.) 

Ca^-i e^""^-'^^ + Co^-i e^""^'-'^^ + . . . + C,^% (HI.) 

The germ of this method is to be foimd in the Chapter of 
Gregory's Examples which is devoted to the integration of 
linear differential equations with constant coefficients. That 
it was never matured seems to have been due to the circum- 
stance that the distributive character of inverse functions was 
not then recognised, and consequently the method was only 
applied to the case in which the right-hand member consists 
of but a single term, Am^^. 

1 1 . By a single very obvious reduction the solution of the 
class of differential equations represented by 

-4 (m + XxyD^ . y + B(jn + XxyD^.y + &c. = X 

may now be obtained. 

In fact, assume 

m -\- Xx = Xx\ 

and the differential equation becomes 

^X-. af-D^, . y + BXfi. x^D^ . y + &c. = X, 
or 

F{xD^),y^X; 

the solution of which is had, at once and without any further 
transformation, in terms of x', and therefore the solution of the 
given equation by the substitution for of of 

m + Xa? 



£ 
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Examples, — First Type. 

(1.) ^D%y = o^ + ^«"- 

This is equivalent to 

xDx {xDx - V)y = ax"^ + ftaf». 
Consequently the symbolic solution is 

y ° xdJd. - 1) ("^" -^ *^) ^ ^Z>.(a^k - 1) "' 
and the evaluated solution is 

m{m- 1) n(n - 1) 

(2.) 3i^iy%y = aa?'" + ftaf». 

This again is equivalent to 

xDa:{xDx - 1) {xDa: - 2) ^ = aaf» + ftaf». 
Consequently the symbolic solution is, omitting the suffix, 

^ " xV{xn^V){xD--2) (^^'"^^*^) + a;2>(^I>-l)(a:i>-2) ^' 
and the evaluated solution 

^ m(m-l)(m-2) w(7i - 1) (w -2) 

(3.) ^*-^iy - 'nxDxy + ny^^ arc*". 

This is equivalent to 

{xDx- 1) {xDx ''n)y = aoff^ ; 



whence 



y = 7 rr — 7 r + Ci37 +0237. 

^ {m-l) {m-n) 



(4.) a;^l?Jy + 3a?I>a^ + y = .^ .g . 

Expanding the right-hand member, this becomes 

{xD^ + Xf.y cl + 2rr + 3a?2 + &c. 
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Therefore 



or 



^ = ^^{lZ-^^^^^Sx^^. 



Examples, '^^^cond Type, 

(1.) D^y + ay - «"*, 

y--^ ^Ce-^^. 

^ m -¥ a 

(2.) Dgy -ay^ e^^coarO. 

Reduced to the shape prescribed, this becomes 

(Dg - a).y = i [e^^*^'^)^ + tf(«-^-i)«), 
and the solution is 

y = *l»i + rV(-l)-a-'m-rV(-l)-a)''^^' 
or, restoring the circular function, 

^ (m - tt)2 + r* 

(3.) Dly + a'y = coswd. 

Beduced to the shape prescribed, this becomes 

{De + ay/^ 1) . {De-ay/- l).y = H^""^" + ^'^^'% 
and the solution is 

1 5 + 5 + C,e-^^-' + (7,e««''-^ ; 

a^ -w? a? - m^l 

or, restoring the circular function, and substituting for Ci, €% 
suitable equivalents. 



i 
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COSm0 ^, a ri' ' a 

(4) D^y + bDiy + 6y = sin in0. 

This is equivalent to 

(2>J + 2) (Z>J + 3) .y = sinwie, 

which gives 

y = —I — ?— 5 — ^ + C", cos (2* a; 4 a) + (7, cos (3* a: + fl). 

(5.) Dly - 2aD0y + a^y = sinmd. 

Beduced to a symbolic shape, this becomes 

and consequently the solution is, at once, 

or, the circular function being restored, 

( a' - m^) sinmO + 2am cosmO - .^ n^r ^ 
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CHAPTER IV. 

APPLICATION TO THE INTEGRATION OF LINEAR PARTIAL 

DIFFERENTIAL EQUATIONS. 

Section I. — Preliminary Theorem's. 

It is the principal object of the present Chapter to show 
that, by a generalization of the principles contained in the 
previous Chapter, and a suitable development of the conse- 
quences of the higher principles, we can obtain similar general 
methods of solution of corresponding classes of partial difie- 
rential equations. The solutions of such partial differential 
equations will be found to be unaffected by the number of in- 
dependent variables which the equations may contain ; but 
more especial reference is made to those in most common oc- 
currence, containing but two independent variables, x and y. 
In the course of the investigation, extensions of many 
familiar and elementary theorems are furnished, which seem 
to possess practical utility. 

1. It is known that if 

be a homogeneous function of the m** degree in the indepen- 
dent variables x^ y, z, &c., 

xDxUm + yDyUm + zDzUm + &C. = »l . l^. 

Euler, Cak. Diff., p. 188. 

For conciseness, putting the operating symbol, 

xD^g + yDy + zDg + &c. = v> 
we have then 
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Operating with v upon both sides of this equation, 

and, by successive operation, 

Hence the theorem that, if -F be any algebraic function, 

It is obvious that this theorem holds as well for inverse 
functions as for direct, and that if we suppose the number of 
independent variables reduced to one, we obtain the funda- 
mental theorem of the Third Chapter, namely, 

F{xD:,) .AmOf^^ F(m) . A^oi^. 

By the substitutions 

a; = c^ y = c"^, &c. 
and 

i>^ + i>^ + &c. = D, 
we obtain the form of this theorem, 

F{U) . e„»(e^, e^, &c.) = F(m) . e«(e*, e^, &«.), 
corresponding to 

F(De).An.e^' ^F(m).Ame^'. 

Canib. and Dvb, Math, Journal^ 1851 . 

2. Now if Z7 be any algebraic function of a;, y, z, &c., it can 
be broken up into sets of homogeneous terms, and put under 
the form 

Hence, since F{y) is distributive, we obtain the theorem 

F(x^).U= F{0).'Uo + F(l).Ui + F(2).U2 + . . . + F(n).Un, 
with the corresponding theorem for inverse functions, 

I rr 1 1 1 1 



Camb. and Dub. Math. Journal^ 1851. 



\ 
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Examples, 
(1.) Let the results of the operations of a"^ and --, re- 



ay 



spectively, upon U, be investigated. 
They are, respectively, 

1^ + a.Ui + a^,Ui + . . . + a^.Mn, 
and 

1 1 1 

a «* a" 



I 



(2.) Let the results of the operations of i^(v) and ^y— v, 

respectively, upon ^»», be investigated. 

The subject being expanded, the results required are, re- 
spectively. 



Un ^,^ V ul „,^ ^ M? 



i^(0).l +i^7i). ^ + F(2/i) . j-^ + F(3/i).y-^ + (^^ 
and 



F{(i) F{n)'\ F{2n)'\.2 i^(3w)1.2.3 

3. Since y, z^ &c. are constant relative to rr, and therefore 
Dan ^y9 &c., commutative, writing 

V8 = ^'i>i + !/^^ + . . . + Sx^yDlDy + 3ay2i>^i>J + . . . 

&c. 
we have 

V(V-1) = V2, 

V(V-l) (V-2) = Vs, 
&c. 
and generally 

V(V - 1) (v- 2) . . . (v - n + 1) = v«. 



^ 
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It appears at once from the fundamental theorem of this 
Chapter that 

4. It may be well here to investigate a general proof of a 
theorem first given by Euler {Calc. Diff.^ p. 188), namely, 

n(w-^l)...(w~m + l) ^ af'Dl.y^m.zWl... 

tn a , Q »y » , , 

where 

Now as 

(1 + ayU^ (1 + ay^'.(l + ay^y.{l + a);f. ...U; 

expanding and equating the coefficients of a*" on both sides, 
and then condensing by the formula above, 

V(V-l)..^(V--m+l) ^, a;'>Z>^3^i?g.^>i>^. . ^, 
and when U = w«, we get Euler's theorem. 

Philosophical Magazine, 1852. 

5. By a process precisely similar to that employed in the 
fourth article of the Third Chapter, we obtain the theorem 

F(v).Un,V^u,,.F(^ + m)V, 

with its transformed shape, 

F(U) . G^(e^ e^, &c.) V =. Bntie^y e^, &c.) .F(n + m)V 

analogous, respectively to 

with its transformed shape 

F(I)g) . ^^v = «»»« . F(D^ + m)v. 

Philosophical Magazine, 1862. 
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6. It is easily seen that if C7, Vhe any fiinctions of 0, \py &c. 

D.I7F= Z7.DF+ uU.V. 
Operating with Q a second time, we get 

a«.t7F= u. D'r+ 2nu.uv+ n^u. V; 

and operating a third time with the same symbol, 

D^£/'F= J7.a»F+ 3D F.D2F+ 30^/7. dF+ u^U,V. 
It is evident that, in the same manner, if » be any integer, 

aM7F=£^.D"F+nDZ7.D«-iF+^f^D*C^.D"-^F+&c.+ a«?7.F. 

Arranging these results as in the sixth article of the previous 
Chapter, and employing a process identical with that there ex- 
hibited, we obtain the theorem 

F(uyUV^U.F(u)V+^.FXn)V+^.F"{u)V+&<i., 

1 1 • ^ 

with its transformation 

where Uand Fare now functions of the variables a:, y, z, &c. 
and V is the symbol before employed. 

7. Again, by a process identical with that employed in 
the seventh article of the preceding Chapter, we obtain the 
theorem, that if i7, F be any functions of 0, i//, &c., 

with its transformation 

U.F{v) V= F(y).VV- F{v) .vU.V+ F'{^) .^. V-&a. 

I • A 

Philosophical Magazine^ 1852. 
F 
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8. It has been observed that, as 

DJ . cosmO = - m*. cosmd^ 
and 

DJ . BmmO = - wi'. sinmO ; 

SO 

y(Z>J) . coswiO =/(- W) . cosmO, 
and 

f(Dl) . sinmO =/(- W) . siamO. 

Gregory, Examples. 
More generally, it is plain that 

Section II. — Application of preceding Theorems. 

9. All partial differential equations represented by 

or, in the ezpanded form, by 

1 . ^ 



B (xW^z + (ix^'^yD^WyZ + ^^^ ^K ^D^Dlz + . .) 



► =Q, 



+ &c. 



where Ay B, &c. are constants, and 12 is any algebraic func- 
tion of the independent variables a and y, may obviously be 
transformed, by the third article of the previous section, into 
the shape 



-4 V (v - 1) • • • (V - a ■»- 1) 

+ 

£v(v-i)...(v-/3 + i) 

+ &c. 



y • z = Q, 
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Consequently, the solutions of all such equations are given by 
the evaluation of the symbolic form 

1 ^ I ^ 

where 

F(v)=^V(V-l)...(V-a+l) + 5v(V-l)...(v-/3+l). 

Now the value of the first term in the solution is perfectly 
definite, and can be had at once by the second article of this 
Chapter. It will appear, moreover, that the number and cha- 
nicter of the arbitrary functions in a solution, which are due 
solely to the second term, are unaffected by the number of in- 
dependent variables which the equation may contain, and are 
dependent solely on its order. 

In fact, when the roots of the equation 

H 

V(V- 1) ...(V-a + 1) + -J V(V-l)«-'(V-/3+l) + &C. = 0. 

are all real and unequal, the arbitrary portion of the solution 
is of the form 

a, &, c, . . . i being the values of the roots, and Ua9 Ub^ Uc% &c. 
being homogeneous functions in a;, y, &c. of the given degrees 
«, &, c, &c., respectively, but whose forms are arbitrary.* 



* In connexion with the appearance of arbitrary functions in the solutions of 
partial diflferential equations, it is observed in Gregory's Examples (Jnt, CaL, Chap- 
ter Yi.), that, " as in the solution of ordinary differential equations we continually 
meet with expressions of the form Ce^^ (= e^^ C), so in partial differential equations 
we shall find expressions of the form 

in which the arbitrary function takes the place of the arbitrary constant." 

I cannot regard this view as at all satisfactory, but rather as an inversion of the 
real state of the case. In fact, as it appears to me, the terms including arbitrary con- 
stants are only particular cases of arbitrary functions, in which the variables are 
reduced to one. 
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When it contains /? equal roots, whose common value is a, 
the form of the arbitrary portion of the solution is 

^a • (log^ + logy)P"^ + Va . (logo: + logy)P"' + &c. + Wj + Wc + &c., 

where Ua, ««, &c. are different arbitrary homogeneous func- 
tions of the same degree. 

Finally, when this equation contains pairs of imaginary 
roots, the form of the arbitrary portion of the solution is 

Camb. and Dub. Math, Journal^ 1851. 

10. Thus it appears that the solution of an ordinary linear 
differential equation of the class represented by 

Aa^Diy + Bx^D^y + &c. = Mx^ + iVaf» + &c. 

being given, we can at once write down the solution of a par- 
tial differential equation of the class represented by 



Aipif'Dl.z + ax^'^yDi'^Dy.z + &c.) " 

B{xPD^.z + ^sfi-^yD^Wy.z + &c.) 

+ &c. 



>" = Gm + On + &C., 



by substituting for Mx^^ Naf^^ &c. the corresponding known 
homogeneous functions 9^5 9n> &c«> and by introducing for 
each term in the solution of the ordinary linear differential 
equation in which an arbitrary constant enters, such as CmX"*^ 
a homogeneous function of the same degree^ hut of arbitrary 
form in x and y, 

11. It is obvious that the same method of solution as^^that 
just exhibited will apply to the class of partial differential 
equations represented by 

AU'^z-\-Bu^z-\-,.^ Tz=f{f!^^ e^, sin^, cos0, sini//, cos;//), 
where, as before. 
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In fact, this equation being thrown into the symbolic shape, 

where m, n may be positive or negative, fractional or integer, 
real or imaginary, the solution is 

and where wi or n is imaginary, we may restore the circular 
functions. 

As regards the various forms which the arbitrary portion 
of the solution may assume, according as the roots of 

are all real and unequal, some equal, or some imaginary, they 
are given, respectively, by 

tta(e*, e^) + ttft(e*, e^) + &c. + Wi(6^ e% (i.) 

Ua(e^, e^).{(p + ipy-"^ + Va(e^, e'^).(<l>+\P)P'^ + &c. + Mi(e^ e^), (ii.) 
Wa^.i(«*, «^) + Ua.i^.i(e^, «^) + &c. + Wi(e*, e^). (in.) 

Camb, and Dub. Math, Journal^ 1853. 

12. By a similar reduction to that employed in the eleventh 
article of the Third Chapter, we can obtain at once the solution 
of the class of partial differential equations represented by 

^ { (w + \xyDl . 2; + a (w + Xa:)«-i (^ ^. \y)Di'^Dy . z ^ 

+ ?^^LZ1(^ + XxY^ (n + \y)W--Wl. z + &c.) 



B{(m + \xyBP.z + fi(m + Xx)^"' (n + Ay)2>f' Z>y . z 

+ &c. 



> = G. 
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In fact, assume 

and the equation becomes of the form 

and, without any further transformation, we get the solution 
in terms of a/ and y\ for which the proper values being sub- 
stituted from the assumptions stated, the solution required 

is had. 

Philosophical Magazine^ 1852. 

Examples. — First Type, 

(1) xWl.z + 2xyDJ)j,.z + yWl.z = en, + en, 

where 9^) On, are given homogeneous functions in x and y of 
the m*^ and w'* degrees respectively. 

The symbolic solution is 
and the evaluated solution 

Om On 

mim-l) n{n-l) 



>=^m+^n, 



(2) x'JDl. u + y^Bl.u + z^JDl, u 

+ 
3 {x^yDlDyU + x'^zDlP^u + xyW^D\u + &c.) 

where, as before, ^m^ ^n are given homogeneous functions in 
a?, y, z. 

The evaluated solution is 

w(w-l)(in-2) w(»- 1) (w-2) 

(3) a;«Z>'2: + 2xyDJ)yZ ^^y^D\z - n (xD^z + yDyZ) -k-nz^ e„^. 
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This is equivalent to 

(V - 1) (V - w) . 5r = e„. 
Consequently, 

(m - 1) (m - n) 

(4) ^^i?:. z + 2xyDJ)y, z ^y^JD^.z + 3 {xD^. z-^yDy. z) 

1 

where 9i is a given homogeneous function of the first degree 
in X and y. 

Then 

(V + 1)«. 5r = 1 + 201 + 39? + &c. 

and consequently 

0^ 



or 

z 



= log f -j-j^ V + w-i .(log a: 4 logy) + t?.i , 



where tt.i, v.i are different arbitrary homogeneous functions in 
ic, y of the degree - 1. 

* The solution, then, of 

x^Dlz + 2xifDxDyZ + y«2^z-n(ar2)«z+yDy«)-|-n« = 0, 
iB, simply, 

Z = M„+I«1. 

Q 

If n = -, it is shown by the Rev. Professor Jellett, in his masterly Treatise on 

tn — 1 

the Calcalns of Variations (Dublin, 1850, p. 253), that this vahie of z renders the 

integral 

55 (px + qy-z)*^dxdy] 

or, as I would prefer writing it, the integral 

55(xD»z-\-yDyZ— zy*dxdyi 

a mii-gininm or a minimnni^ within certain assigned limits. The investigation of the 
relation between the form of the differential solution as above given, and the form of 
its integral, together with the accidental discovery of the fundamental theorem of the 
Third Chapter, furnished the germs of the present Treatise. See Appendix A, On 
the Caleuhu of VariaHom. 
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(5) a^Dl. z + 2xyD^Dy. z + y^Dj . 5: - ?w(m - 1) z = e„. 

Then 

On 

where a and /3 are the roots of the equation 

t/?^ - M? - m (m - 1) = 0. 

(6.) xDx'W + yDy.w + zDg.w - «m? «= — . 

z 

Gregort, Examples. 

Thrown into the symbolic shape, this equation becomes 

xv 

(V - a) M? = — , 
^ ^ z 

and therefore the solution is 

1 xy 
1 — « z 

where t^a is an arbitrary homogeneous fimction in x^ y, z of the 
degree a. 

More generally, the solution of 

xDx.w + yDy,w + zDg.w - aw = -^ 

On 

is 

1 e„^ 

(m-n) - a e» 

1 • ^ 

Gregory, Examples. 

The symbolic shape of this equation is, by the third article of 
this Chapter, 

V (V - 1) (V - 2) . . . (v - w + 1) . z = 0. 
Consequently its solution is, at once, 
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More generally, the solution of 

I • ^ 

is 

^=a(«-l)..(a-n + l) "^ 6(6-1). .(Vn+1)'^'''^^''*^-^''"-^- 

The simplicity of the method exhibited in this last ex- 
ample, when compared with the artificial and laborious pro- 
cesses which have been employed for its solution, seems to 
illustrate, in a remarkable degree, the power of the Calculus 
of Operations as an instrument of integration, and the facility 
with which it admits of manipulation. 

(8.) xD:rZ + yJOyZ = ^xy^J{a?- - z% 

Gregory, Examples, 

This assumes the symbolic shape 

V . sin"* - = 2xy. 
a 

and its solution is therefore 

-- = sin(a;y + Wo)« 

More generally, the solution of 

xDxtD + yDyW + zDzW = mOm . V («* - «^') 



IS 



— = sm(9m + Uq). 
a 



(9.) axD^w + hyDyW + czD^w - «w = 0. 

This equation is reducible to 

1 1 I ^ I 
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whence 

1 I 1 

And, generally, since 

F{xD^ yDy^ zDg^ &c.) .Ax'^y'^zP . . = jP(m, n,p, &c.) . Ax^^j/^ z^. . 

it appears that the solution of all partial differential equations 
of the type 

(axD:r + bj/Dy + &c. - a) (a'xDa: + b'yDy + Ac. - /3) . . . « = F, 

where 

F= ^Ax'^y^ .. . 
is given by 

Ax^ y" • . . 
(am + ft« + &c. - a) («'»« -I- 6 w -I- &c. - /3) . . . 

11 11 

+ tta(^»y*i &c.) + tt^(aj«,2^, &c.) 

Curtis, Comb, and Dub. Math. Journal^ 1854. 

More generally, the solution of all partial differential equations 
of the type 

F{xDx^ yDy^ zDzy &jc.),u = ^Ax'^tf^zv , . . 

is given by 

Ax^y^zT^... 1 

F(wi, n, pf &c.) F{xDj:y yDy, zDg^ &c.) 

(10.) ar2Z>j2r-2a^Z)xi>y2: + y2Z>j2; + a:Z>^+yi)y2-w^ = 0. 
This equation is reducible to 

{xD:, - yDyYz - W2r = 0, 



w= ^ 



whence 

z = Wv, 



(.,1)h-«..(.,1). 
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(11.) xWlz -^ f/'Dlz + xD^ - yDyZ = 0. 

Gbegoby, Examples, 
This equation is easily reducible to 

(xDa: + yDy) . (xD^ - yDy).z^ 0, 
whence 

2f = tto(aJ,y) + Voix^-\ 

(1 2.) ly^z - a}D\z + 2abDa:Z + 2a»ftZ>y« = 0. 

Gregory, Examples- 

This equation may be obviously thrown into the form 

(J):, - i>j, + 2a J) (Z>ar+ Dy).Z^O, 

a a 

and the solution is 

« = U,2ab (^> ^■•) + Wo (C*, C« ) 

(13.) Dlz - 2aZ>,,i)y2;+ a^Z^^ = 0. 

Gregory, Examples, 
This equation is equivalent to 

(/?^-ai>y)^z=0, 
and consequently the solution is 

z={x-^).Uo {^9 ^■«) + Vo (e^9 e'a) ; 
or, aa it may be written. 



(.-f).^(..f)4^(.+f). 



(14.) B'.z = ^ = a^mz, 

the equation which represents the motion of vibrating chords, 
and of the pulses produced by a disturbance in a fine cylindri- 
cal column of air. 

This equation is equivalent to 



4 
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and its solution is, at once, 

X X 

z=Uo (e*, er I) + Vq (c^ e*a), 
the ordinary form of which is 

2r = O (re + a^) + ^ (re - at). 

(15.) DU = ^ = a\I)lz-^2l)J)yZ-^I)lzy 
This equation is eqidvalent to 

the solution of which is 

X y X y 

Z= Wo(^S ^'"j ^"«) + Vo(^> ^*«> ^*«)5 

the more ordinary form of which would be 

z = <P(x+ at, i/-¥af) + '^ {x-at^ y- at). 

In the investigation of the physical interpretation of the diffe- 
rential equation, it must be observed that, although, in jJane 
geometry, 

i^x + i^, 

and, in geometry of three dimensions, 

1)1 + 1)', + Dl 

are imaffected by transformation of coordinates ; or are, in 
fact, reproduced; this does not hold in the case of 

{Da: + Dy)\ and (i>^ + i>y + D^)\ 



Examples, — Second Type. 

(1.) D^z + D^z + az = 6"*^^ 

z = + u^ (c*, e^). 

m+ w + fl ^ 
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(2.; D^z + D^z "oz^ e'^'*'*' cos (r0 + s\P). 

Beduced to the shape prescribed, this becomes 

and the solution is 

or, restoring the circular function, 

(m+n-a)cos(r»4^)+(r+^)8in(r»+^) 

(3.) Z^^ + 2D^^z + D\z + a^z = cos (m0 + n\p). 
Beduced to the shape prescribed, this becomes 

and the solution is 

or, restoring the circular function. 

It may be observed that pairs of conjugate arbitrary functions, 
such as those just exhibited, are imaginary only in appearance, 
being equivalent to 

co8^a(0 + ;//).O(0-]//) + sinia(0 + ]//). »F(0-]//). 

(4.) Dlz-^2D^D^z+iy^Z'2a(I)^ZTD^z)+a^z=am{m<p+nil,). 
Beduced to the symbolic shape, this becomes 
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and consequentlj the solution is, at once, 



i 



+ Ua {€*, e"^) . (0 + 1//) + Vaie^, e^) ; 
or, restoring the circjilar functions, 

r (a* - (m + ny\ sin (»i0 + n\fj) + 2a (m + n) cos (m^ + mp) 



13. It is indispensable that we should discuss an excep- 
tional case, which will sometimes occur in the employment of 
the present, as of any other, method of integration. 

This arises from the circumstance that the inverse process 
may generate an infinite coefficient, and can be illustrated by 
the partial difierential equation 

xDscZ + yDyZ - az = 9^. 
The solution of this equation, as given by our method, is 

z = + Ua ; 

m - a 

in which, when a^m^ the first term becomes infinite. 

To clear away this difficulty, assume in the general solution 



which gives 



Ua 


= Via 


— 


m - a 


Z = 


Bin 

•m 


— 


+ Wfl. 

a 



This becomes indeterminate when a = wi ; therefore, diflPeren- 
tiating with respect to a both numerator and denominator, 
and remembering that 



e.= ^/(|)-3^i'(^) 
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and, therefore, 



,,.'j^trii^. 



we find for the solution, In the exceptional case, 

loga! + logy 

By an obvious extension it appears that the solution of 



IS 

to 



logar + logy + log^ . 

= Urn « r Vm9 



which of course can be generalized for n independent variables. 





Examples, 


(1.) 


xDjcZ + yDyZ = c. 


The solution is 






^^^loga, + log2/^^^ 



(2.) aD^z + hD^ = c. 

The solution is 

(3.) x'ly^z - y'DJ^r = xy. 

Gregory, Examples, 

This equation is reducible to 

{xDx + yDy - 1) (a;I>a: - yDy) >z = xy^ 



whence 



=^s:r^-"^^«'<^'y>-^"{'''y)' 
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or 



Ix-^l- 



z^xy 



^+Mi(a:,y)4 Wii;,-j=arylogf-j +tti(ar,y) + Mo( a?,-]' 



(4.) D^y - my = Me"^^, 

The solution is 

y =» Me"^^. e + Ce"'^ 

(5.) Dly + m^ = cosmd. 

The general solution of this equation is, in its primary form, 

and, restoring the circular function in the first term, the solu- 
tion is 



Q 

y = rr—.ammO + C2cosm0 + C^smmd. 
2m 

Equations of the type exhibited in this example frequently 
occur in the application of analysis to PhJ^sics: as, for instance, 
in the Lunar Theory, and in that of the perturbed motion of 
pendulums. In these cases, the independent variable is the 
time, and it is known that the value of y is then not simply 
periodic, but increases indefinitely with the time. 

(6.) I>*^.z + 2D^D^ . z + i?^. z +(m + 7iyz = cos (m^ + n\p). 
The solution is 

z = .f^ • sin (m0 + «\^) + W(m+niv-i(c^ e^) +tt.(m+n)v-i (e^ye"^). 
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CHAPTER V. 

INTEGRATION OF VARIOUS ADDITIONAL ^CLASSES OF DIFFE- 
RENTIAL EQUATIONS, TOTAL AND PARTIAL. 

1. There is an extensive class of differential equations, for 
the solution of which various methods have been proposed^ 
but all more or less embarrassing to the student. Amongst 
these methods the most usual is that of Integration by Series, 
in which an expression is assumed for the dependent variable 
in terms of the independent variable with indeterminate co- 
efficients aud indices, and these are subsequently determined 
by substitution, in the given equation, of the expression so 
assumed. This method is, from its indirect and tentative 
character, unsatisfactory to the student, in actual practice un- 
pleasantly tedious, and, as a process, unsusceptible of gene- 
ralization. 

Let the following examples be proposed for solution : — 

D^y + ax^'y = 0, (i.) 

Gregory, Examples, p. 3^0. 

xD^y + 2>y + 3/ = 0, (il.) 

Gregory, Examples, p. 343. 

Gregory, Examples, p. 313. 

If we multiply the first equation by a;% the second by oj, and 
the third by x\ they become, respectively, 

xD{xD - 1) . 2/ + aaf'^^y = 0, (i'.) 

(xDy.y -^xy=0, (ii'.) 

(xD - 1) (a-i) + 2) . y + n^x'y = (in'.) 

H 



I 
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2. Now the common type of these equations is 

F{xD)y + Mx'^y = ; 
or, more generally, 

F{xD)y + Mx'^y = X. 

Let us suppose that 

X = SJ-a^r", 

and proceed to solve the more general type. 

Operating on both sides with the inverse of F(xD)f we get 

1 1.^ 1 XT 1 ^ 

^ F(xD) ^ F{xD) F{xD) ' 

or 

where the last term is the ordinary complementary function, 
upon the supposition that all the roots of 

F{u) = 

are real and unequal, and in which, if any modification should 
arise from the existence of equal or imaginary roots, the gene- 
rality of the method is not affected. 

Now, dissecting the operator in the left-hand member from 
its subject, and operating with the expansion of its inverse 
upon the right-hand member, we get 

L or the required solution is at once 
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y = ^ + 

* * F{<i + m) P{(i + 2m) F(ci + w) '* 

the coefficients within brackets in the first and second great 
terms diflPering merely in the substitution of a for a. When 
-3f = 0, it is evident that we fall back upon a class of equations 
already discussed in the Third Chapter. 

That the method admits of easy generalization can be 
readily now shown. For let the partial difierential equation 
to be solved be represented by the type 

F(^)z + Q„,z = Q, 

where 9m is an homogeneous function in x and y of the m'* de- 
gree, Q, a mixed function of ar, y, and v the symbol 

xDx + yDy 
Operate with 

1 



having broken up Qi into sets of homogeneous functions ; there 



results 



{i + j^)e„)^ = 2^ + s«., 



where u^ is a homogeneous function of the given degree a, 
but arbitrary in form ; and operating on both sides with the 
inverse of 

we get at once, as before, 



z^i 



F{a) ^ F(a + m) F{a + 2m) F{a + m) 

*^ F{a, + m) i^(a + 2m) F(a + m) ' 

Camd. an^ Dub. Math. Journal^ 1854. 
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3. Let us now apply tUs method to the first example pro- 
posed, in its modified form, namely, 

xD(xD - \)y + aaf^y = 0. 

Operating on both sides of this equation with 



aD{xD - ly 
we get 

whence, putting for conciseness n + 2 - m. 



or 



C,X[1- . "^. 4- ,- pf^!^^^ &C.) 

* (iw+l)m (2in + 1) 2m(m + l)m ' 



y=S 



+ 



' ' w(m - 1) "^ 2m(2wi - 1) m(m - 1) ^'^ 



and the solution of the given equation is had by replacing for 
m its value « + 2. 

When n --2^ these series fail, but the solution is seen, 
by the Third Chapter, to be, in this case, 

y = Axf^ + Bx^9 

where a and /3 are the roots of the quadratic 

p(p - 1) + a ^ 0. 

In any other conceivable cases of failure of the above series, 
the solution can be had with equal facility. 

4. If it be proposed to integrate the partial differential 
equation 

a^Biz + 2xyD;,DyZ + yW\z + B„,.z = 0, 
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which we know to be reducible to the shape 

V(V -1)2?+ OmZ'-Oy 

we proceed to operate on both sides of this form with 

1 

.. . v(v-iy 

which ^ves 

V(V -1) 
from which we derive, as above, 

^^ ( 1 - / \ + 77i 7V?^ T^ - &c. ) 

(m + l)m (2m+ \) 2m(m + \)m 



z^{ 



+ 



m(m - 1) 2m(2m - 1) m (m - 1) ' 

5. Let us now apply the method to the second example 
proposed, in its modified form, namely, 

premising that its susceptibility of some such method of inte- 
gration was suggested in the year 1847 by the Rev. Professor 
Graves. 

Operating on both sides of this equation with j-jyT^i we 
get 

whence 
or 

y=<t + 

2i " p^ P^" 1».2«.3« P.2».3^4» '• 
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I 



But 



Q^^^M" =p (1 -f a;^)loga: =i(log^ - 2), 
Hence, finally, 



a x" 



y-{ 



(Ciloff^ + C^) (1 -~+ — - +&C.1 

V 1 s^-t-^2;ii 13^12.22 1^2^3* ^ 

+ 



6. If the equation to be integrated had been 

xD^y + Dy + Mx^'^y = 0, 

its solution is obviously had by the same general method, 
and is 



CilUMaf' 



1 



(jn^xD)' 



,+(iKp'»)' 



1 



(2m-^xDf{m^xDf 



-&c.)loga? 



y^< 



^ Mx"^ {Mx'^Y 



{Mx'^y 



m^ m^. (2m)» m* . (2w)2 . {Zmf 



+ &c.) ; 



or 



y 



(CilogOJ+C/aXl ;r-+ ^ 



{MdlS^y 



=s < 



+ 



+ &C.} 



r Jfar*" yw(2-f 1) {Mx'^y m^(6 + 3 + 2)(i»f^'^y -^ 



7. Similarly, if it be proposed to integrate the partial dif- 
rential equation 



DIFFERENTIAL EQUATIONS, TOTAL AND PARTIAL. 55 

where 

a corresponding reduction gives 

1 ^ loea; + logy 

and the symbolic solution is 

X, 1^ 1^1^ o \ / log X + log y . 
^ = 0- — 3 ^»» + 3i ^"^ ^ ^« - <^0 (^0-^— g— ^ + vo). 



Hence 






z = < 



+ 



ef\i £\Z 

^"i m» "^ OT». (2m)» jn*.(2»n)' (3ot)» ' ' 



and finally, 



log£+logy Qm, e^ 9^ , ^, . 



z =< 



+ 



8. Proceeding now to apply the same method to the mo- 
dified form of the third example, 

(xD - 1) {xD + 2)y + n^aKy = 0, 
we get 

^ ^ (0,1) - l)\a,I> + 2) "'^'-^ = ^'^ -^ §• 
Consequently tlie solution is given by 
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or 



i 



., .. (nay (my . . 



y=-< 



^'{1 + 



a 



{nay (nay 
1.2 "■ TT2T4 



+ &C.) 



For the condensation of such series as this, the following ge- 
neral meliiod has been kindly suggested by Mr. Curtis : — 

Convert each of the great terms in the right-hand member 
into the shape 

^f(m)Ujn; 

and since this is known to be equivalent to 

/(v)SMm, 
the question is reduced to the condensation of 

which is, in general, practicable by known methods. 

Thus, the right-hand member of the above serial form is 
reducible to 

-'* 3 6 7 ' «»' 2 4 



X 



or 



IT (xD - 1 ) Inx - ^^-=r- + ^-=^ - ■—- + &c. 

*' 3 6 7 

_:§(:^_l){l_(^%(^_(^ + &c.) 
ar* 2 4 6 



or 



(xD - 1) { C[ sianx-^Ci cosnx} = — -(xD-l) Aco8(nx+B). 



a* ^ ' • a;* 

The solution of the equation consequently is 

y = — cos (nx + B)-\- — sin (nx + B), 
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9. The student will find no difficulty in applying this me- 
thod to the integration of the equations 



i>'y-::Ay-^^ 



a^ 



Gregory, Examples^ p. 344. 



Z>'y + ^y=0, 



Gregory, Examples.^ p. 345. 

Gregory, Examples^ p. 347. 

The primary forms of the solutions of these equations are, 
respectively, 



^»(^^2-3(^T^ 



TsXsG)*-^*^-^ 



y=i 



+ 



,^"i'*o(:-)'*o^(5)'**°-i 

^•i'-o(i)'*rro(j)'-*"' 



y=S 



.''■^I'-ri^'^roTi©*-*"-' 



y=i 



„ ,, (cxf (car)* p , 



^'^^^ + 273 ■'1.2.3.4 "**'•'• 



These forms of solution are evidently susceptible of reduc- 
tion, and, confining our attention for a moment to the first, it 
is evidently equivalent to 
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or 

e e 

Similar! J the solution of the second equation is reducible to 
the form 



y = xl -4'8in-+ J^cos- ). 
\ X xj 



Employing the method proposed by Mr. Curtis, the solu- 
tion of the third equation is obviously reducible to the form 

(ca;)M1.3.5 "1.2.3.5.7 1.2.3.4.5.7.9 */ 

+ 
C.' (ex)' jcxy {cxY 



{cxy *1.2 1.2.4 1.2.4.6 
Now the general term in each of the above series is 

^ /^)" ^ = i(w>3)(m-l)^, 

"1.2 (m-4)(m-2)m ^ ^^ ^ m ' 

and the solution is 

y = z — - (xD - 3) (xD - 1) (C'j sin ex + d cos cx\ 
or 

10. It must be allowed that although, in the method of 
integration here put forward, no mathematical artifice is em- 
ployed, and although the result appears to be obtained in the 
most direct manner, yet the ultimate reduction of the solution 
to its most compact form often demands oonsid^able analyti- 
cal skill. 

The following important remark has been made by Gre- 
gory {EacampleSf p. 314) in connexion with the integration 
of equations with variable coefficients, and more particularly 
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the second example of this Chapter : — "After all, however, 
when these equations are of the second or higher orders, the 
number of cases in which they are integrable is very limited, 
and there seems to be no great prospect of the number being 
much increased. A little consideration will point out the rea- 
son of this. When we speak of an equation being integrable, 
we mean that the dependent variable can be expressed in terms 
of the independent variable by means of a finite series of func- 
tions of that quantity, the forms of such functions being limited 
to those known as algebraical and transcendental. Now it has 
been seen that the simplest forms of differential equations in- 
volve the highest transcendents which we recognise as known 
functions, such as e*^ or cos nx ; and it is to be expected, that 
when the equations become more complicated, their integrals 
must involve higher transcendents to which we have not af- 
fixed particular names, and which we do not look on as known 
forms. This, indeed, is found to be the case, as, for example, 
in the equation 

xD^I/ + Di/ 4 y = 0, 

which in its integral involves the transcendent 

'^(^)=i-f,+i?^,-xr|:35 + &c. 

" It would appear, then, that before we are able to make 
any further progress in the solution of differential equations, 
we must create new transcendents in the same way as the 
ordinary transcendents c*, cosa;, log^, &c. have been created ; 
we must study their properties, and endeavour to express the 
integr^s of differential equations by means of them. The 
first part of this task has for some time past occupied the at- 
tention of mathematicians, and great progress has been made 
in it, though much still remains to be done. The second part 
has also been the object of study, though not to the same ex- 
tent as the other ; and several mathematicians have applied 



% 
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themselves with success to the expression of the integrals of 
differential equations by means of definite integrals which are 
the representatives of new transcendents. Thus, for instance, 
in the case cited above, the transcendent 



"P^ K2*"" P.2^3' TTJo 



1 fir 

+ &c. = — I e?©cos(2sin©a:*). 



Examples of such integrals will be found in Crelle's Journal, 
vol. X. p. 92; vol. xii. p. 144; vol. xvii. p. 363." 

Now it appears to me that, imtil evaluated, the integral 

— rjecos(2sinea:*) 

TT Jo 

must be considered to be quite as symbolic as the equivalent 

Indeed, we may regard all symbolic condensations, as well 
as definite integrals^ in the light of representatives of new 
transcendents. 

For instance, if 

U = Ao + AiX + Azx^ + &c., 

where Aq, Ai, A29 &c. are constants, it has been seen in the 
Third Chapter that 

F(xD). U= F(0) Ao + F(l)A^x + F{2)A^ + &c. 



F{xD) jF\0) '^ F(\) ' F{2) 

and it seems that the left-hand members may fairly be re- 
garded as such representatives. 

11. It has been shown that the solution of such an equa- 
tion as 

xD:,,z + yDy.z - az ^ Om{x^ y) + Ofi(^, y) + &c., 
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where Bm9 On) &c* are homogeneous functions in x and y of 
the degrees m, n, &c., is at once 

Z = ^^ + ^ + &C. + Wa(^5 y)} 

m - a n-a ^ 

where Ua is an homogeneous function in a;, y of given degree, 
but arbitrary in form. 

Bj the substitutions 

it, consequently, appeared that the solution of such an equa- 
tion as 

D^.z ^ D^.z- az^ Bm(^9 e^) + On(e^ c^) + &c. 
is 

Z = -^ + -^ + &C. + ^£a(^^ ^^), 

the variables being (except in the case of equal roots in the 
operator on the left-hand member of the original equation, 
which case is provided for in the previous Chapter) grouped 
in the fixed portion of the solution as in the differential equa- 
tion to be solved. 

So far is the simplest deduction. If, however, we suppose 
the right-hand member of the latter form of the differential 
equation to be no longer a function of e*, c^, but of 0, xfjy 
simply, our method is practically inapplicable, since and xfj 
are not exponible in a finite number of terms of e*, e^. 

12. From this diflSculty we are released by the generali- 
zation of a method, which may be exhibited upon the ordinary 
differential equation 

2>^y - ay -= e*. 
The solution of this equation is given by 

Now we may write this in the form 
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the arbitrary portion of the solution being in all cases inde- 
pendent of the character of the right-hand member of the 
equation to be solved. 

Expanding the first term, and stopping at the fourth power 
of Z>^, further expansion being obviously needless, we get 



a\ a 



>J-ii^.->*)-e'. 



and actually performing the operations indicated, we obtain 
for the solution 

/0* 4.e» 4.3.6I* 4.3.2.0 4.3.2. n ^ . 

y = - - + —7- + — 7— + 1 — + : — + Ce«^ 

and the inteff ration of the equation proposed is due to a process 
of differentiation. 

Similarly the solution of the partial differential equation 

D^.z + D^.z - az = 84(0, xfj) 
is given by 

a\ a a^ a^ a* J »v ? /» 

and the solution is had by actual performance of the operations 
indicated upon the particular form of O*. It is, of course, 
evident that in stopping the expansion at the fourth power of 
the symbol D we suppose the homogeneous function 84 to con- 
tain no inverse powers of ^ or xfj, for in such case the expansion 
should be continued ad infinitum. 

13. As a second example of this method, let it be proposed 
to integrate the equation 

niy > 4l)ey + 4y = 0". 

Being thrown into the form 
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the solution is given by 

or, expanding the first term to the second order of Z>^, 

y - ij { 1 + 1 i?, + I I>J) .e» + (76»».0 + CV» ; 
or, actually performing the operations indicated, 

In fi manner predsely similar we can obtain the solution of the 
partial differential equation 

ly^z + 2D^D^ + L^z - A{D^ + D^z) + 4z = e.(^ »/-). 

It is, in fact, given by 
1 2 3 

in which the operations indicated are to be actually performed 
upon the particular form of 62, supposed, as before, to contain 
no inverse powers of the independent variables. 

From the nature of the cases exhibited it is obvious that 
the value of this method of integration is ultimately attri- 
butable to the circumstance, that there is needed but a finite 
number of terms in the expansion of the symbolic operator* 
There are, indeed, other conceivable cases, in which this me- 
thod could be employed with advantage ; for instance, if the 
results of the operations indicated above were periodic, or if 
the difierent resultant terms, after the operations, conformed 
to some discoverable law. 

14. It is obvious that we may generalize this method of 
integration still more completely. In fact, by a process in 
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every respect identical with that just exhibited, we may inte- 
grate the partial differential equation 

i^i(0, xP).D^z + i<2(0, xf) .D^z -az^ O(0, ^), 
and the solution is given by 

in which Q maybe broken up into sets of homogeneous terms, 
the degree and character of which will regulate the extent to 
vrhich the expansion of the operating symbol is to be carried. 
15. Upon reference to the solution of the equation 

I>4,z + D^z -az= 64(0, \[/) 

it will be seen that the method of integration there proposed 
fails when 

and we are obliged, in such cases, to have recourse to other 
means. 

Thus, let it be proposed to integrate the partial differential 
equation 

Da:Z + DyZ = X^'lf^, 

Now, since Dy is constant relative to D^^ we have, by the 
fifth article of the Third Chapter, 

1 ^-xD„ 1 ^D,, 



e-^''y.J:-.e"'y, 



therefore 

or, one particular solution of the proposed equation is, 

m+7i+I m-\^n^ ' 1.2 tw+w-I^ ' «\ ' / 

Combining this with the corresponding particular solution in 
^, the general solution is. 



% 



z^< 
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2(»i + n + l) 2(»n + n) 

1.2 " ^ 1.2 ^ 



flfl^A-l 



M7' 



16. As a second example of this method of integration, let 
it be proposed to investigate the solution of the partial diffe- 
rential equation 

aDxW + bDyW + cDzW = xyz. 
This equation being transformed into the shape 

Dxw + Dvw ■\' DzW = abc . — I- — , 

it is obvious that, after abc in the right-hand member, the so- 

X tj z 
lution ought to be symmetrical in -, ^, -. 

abc 

By a method similar to that in the last article, the integral 
is found to be 

xy z[x y z\-\ *_ v_ « 

abc\a b c)J ^ 

It may be observed that the solution of the equation resem- 
bling this in Gregory's Examples is unsymmetrical. Indeed, 
such a result might have been anticipated from the unsymme- 
trical method there employed. It cannot be too frequently 
observed that, where the equations to be solved are symme- 
trical, the solutions should be symmetrical ; and, not only so, 
but symmetrical methods should be employed for their de- 
duction. 

This latter consideration renders it highly desirable that 
we were in possession of some general and direct operational 
method for obtaining the solutions of such equations as have 
been just now discussed. 

K 
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17. Let it be proposed to investigate the form of the so- 
lution of the general equation, 

in which the left-hand member is an homogeneous function of 
the w** order in the symbols D^, Dyy the coefficients constants, 
and Fa given function of a; and y. 

If 01, as, ^3, . . . Un be the roots of the equation 

the above equation can evidently be thrown into the form 
(Z>^ - a,Dy) (Z>^ - a2Dy) (Z>^ - a„Z>y) . z = F, 

the solution of which is 

^° (Z>.-a.i>,).!.(i>.-a,i>,y ^-^«<'<*^' *""'^)^'"' (e'.«-^)+&c. 
The arbitrary portion might obviously be written in the form 

^f ^ + ^ j + ^ f a; + -^ j + &c. 

If p of the quantities ai, a,, ^s, &c. be equal, the arbitrary 
portion of the solution is, in general. 

And if the equation in u should contain pairs of imaginary 
roots, the arbitrary portion of the solution is of the form 



( 67 ) 



CHAPTER VI. 

Sbction I. — Integration of Systems of Simultaneous 

Differential Equations. 

1. Let it be proposed to integrate the system of simulta- 
neous differential equations of the first order, containing n de- 
pendent variables, 



VtX = aiX + biy + Ci^r + . . . 
I)t7/ = OiX + biy + C2Z + . . , 
DiZ = a^x + 6sy + CjZ + . . . 
&c. 



Multiply the first equation bj X, the second by /u, the third 
by V, &c. ; then, adding all together. 



(«iX + ^2/4 + ^sv + . . .) a? 

+ 

+ 

(ciX + C2/i + C3V + . . .) z 
+ &c. 



XAo? + /LcAy + vA^ + . . . = 



= s 



Now, as we have introduced n arbitrary constants, we are at 
liberty to subject them to n conditions, which we may suppose 
to be 

QiX + flg/A + «3V + • . • = AX, 

^iX + bifi + b^v + . . . = A/Lc, 
CiX + Ca/i + C3V + . . . = hvy 

&c. 



A being a new constant. 
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The preceding equation is thus reduced to the form 
Dt{\x + fuiy + vz + . . .) = k(Xx + juy + V2: + . . .)> 
the solution of which is 

Xx + fiy+vz + .., = Ce^, 

where C is an arbitrary constant. 

Now, with regard to the quantity A, it is to be observed 
that if (w- 1) of the quantities A, /i, v, &c. be eliminated be- 
tween the assumed equations of connexion, the n*^ quantity 
will disappear of itself, and we obtain an equation of the n** 
degree in k and the known quantities ai, 61, Ci, &c. : conse- 
quently, in the above solution, k may be supposed to have any 
one of n known values. 

Hence, writing down the series of solutions corresponding 
to the several roots Ai, Aj, A3, &c., it is obvious that the ge- 
neral solution of the given system of simultaneous differential 
equations is exponible in the form. 



X = 

z =» 



Z>,eM +2>2eV + 2>3^V + . . . + 2>„eV 
&c. 



where, of the constants d, Di, Ei, &c., n only are arbitrary. 
When some of the roots Ai, A2, A3, &c., are equal, or when 
there are pairs of imaginary roots, modifications suflSciently 
obvious must be introduced in the general form of solution. 
Thus, in the case of a single pair of imaginary roots, the ge- 
neral form of solution becomes 



X = c*i*. Ci cos (kit + d) + Cse^s* + . . . + C„e*n* 
y = eh^.Di cos (kit + A) + A«*3'+ • • . +i>«eV 
;:; = e^i*. E^ cos (k^t + E^ + £'3^*3*+ . . . + E^e^n* 

&c. 
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Examples, 
(1.) Let it be proposed to integrate the system 



} 



DtX = by 
Dty = ax 

in which, for simplicity, the suffixes to the constants are 
omitted. 

The solution is 






where h^ k^ are the roots of the quadratic equation obtained 
by the elimination of A, fi between the equations 



apL = 
b\ 



= kiiy \A2= - y/{ab). 



Thus the solution is 



y = Ci(^Ye^^(«*^' - cJ^e-'^^K 



(2.) Let it be proposed to integrate the system 

DtX - ttiX + 6iy1 
Dty = flaa? + %J ' 
The solution is 

where Ai , A3 are the roots of the quadratic equation 

(3.) Let it be proposed to integrate the system of three 
simultaneous equations, 
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Av==$ = 



dt 
dz 



OtX + CtZ 



Vtz = -jj = aiX + b^y 



dt 



The solution is 



0?= Ci^i*+ C2e^'+ C^eh^ 

z = -E?i^i*+ E^e^2* ■¥ E^e^* 

where Ai, A3, A3, are the roots of the cubic equation obtained 
by the elimination of X, /i, v between the equations 

a3/Lc + flsv = AjXT 
bi\ + bi V = kfi y 

or 

^ - (bitti + Ci«3 + Cjjfta) * - (cA«3 + <?i« A) = 0. 

It will be observed that the left-hand members, in the given 
system of simultaneous differential equations, represent the 
rectangular components of the velocity of a material point, the 
coordinates of whose initial position determine the three arbi- 
trary quantities in the above solution. 

2. It is plain that we may employ a similar method for the 
integration of the system of simultaneous differential equations 
of the m** order, 

D^ x^ OiX -¥ bip + CiZ + .. . 
D^y =: a2X -^ bip -\- C2Z + ... 
D^ z =^ a^x + bzP -^ c^z -^ .. . 

&c. 

The reduct equation is, in this case, 
Dt (Xa; + /uy + va: + ...) = ^"^ (Xa: + /icy + v-? -t- . . .), 
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the equations of condition being 

UiX + a.2/Lc + fliV + • . . = A* A 
bi\ + Aa/i + ^ V + • . . = A^jLi 
Ci X + Cj ^ 4 C3 V + • . . = A* V 

&c. 



and the solution of the reduct equation is, if a, a'j a% &c., be 
the m several roots of unity, 

Xa: + /(xy + vz + . . . = Ce<^-\- Ce-'^ -^ ^6*"*'+ . . . 

Example. 
Let it be proposed to integrate the system 












= a^x + Ca^^ 



«3^ + Ihy 



in which the left-hand members represent the rectangular 
components of the accelerating force operating at any instant 
upon a material point. 

The equations of condition in this case are 



ii X + ^ V 

Ci X + C2II 






the reduct equation, 

Z>J (\x + iiy -^ vz) = k^ {Xx + fAy -\- vz) ; 

the solution of this equation 

\x + fii/ + vz =^ C^ + C'e^ ; 

while the equation to determine h is 



= 0. 
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As this equation is of the sixth degree,. it might be sup- 
posed by the student that the complete solution of the pro- 
blem should consist of six equations, each involving two 
arbitrary constants. It will be observed, however, that since 
the roots of the equation in k are of the form 

i ''l 9 i "^2 9 i "'35 

and X, ft, V, depend only on k\ these six equations, each of 
which is of the form 

are reducible to three, and there are not virtually more than 
six arbitrary constants. These constants are, in general, de- 
termined by given initial co-ordinates and given initial con- 
stituent velocities. The student will find no difficulty in 
extending this observation to the general case as above stated. 

3. If the system of simultaneous difierential equations, 
proposed for mtegration, were given m the form 

aiBfx + h^D^y + CiDfz + . . . = ^ 
a^B^^x + hD^y + c^JOfz + . . . = y 
a^Dfx + hDfy + c^D^z + . . . = z 

&c. 

a method somewhat similar may be employed. 

The first equation being multiplied by A, the second by /u, 
the third by v, &c., and, all being added together, subject to 
the conditions 



Aflfi + /LC«2 + V«3 + . . . = -Tjj-^ 



X6i + jibi + v^s + • • • = T^j ^ 



V 



XCi + jLCCg + VC3 + , . » = j-^ 

&c. 



« 
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the redact equation is, as before, 

BT (Ao: + /i^ + i;r +...) = A~ (Aa: + /uy + i;2^ + . . .)> 
and its solution 

Aa? + ;iy + i;;3 + . . . = C6^+ C"e-'*'+ 0"**+ . . . 

It is, perhaps, unnecessary to observe, that the values of 
the constants, and of the several roots of the equation in A, 
are wholly different from those occurring in the previous arti- 
cle, in which a notation similar to the above was employed. 

4. Let it be proposed to integrate the system of simulta- 
neous differential equations, 

in which, for the sake of simplicity, we omit the suffix t to the 
symbol of differentiation. 

Operating upon the first equation with ^(-2)), and making 
substitution from the second equation, we get 

The operations susceptible of execution being performed, this 
equation is obviously reducible to the form 

in which now there is but a single dependent variable. 

This last equation, in general, admits of solution, and the 
value of a? being had, that of y is obtained by substitution in 
either of the given equations. 

Example. 

(flo + «2^ + ^4^) X + {cLiD + a^D^) y - iw sin nt^ 
(flo + a^D^ + a^lh) y - {uiD + a^D^) ar = m cos nt. 

L 
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Then 

a? = + 2 (^ cosX* ^ +5 sinX* + 1 ; i> 



-.y^.xi T» xi^\. ?nco8W< 



where all values are to be assigned to X, ivhich satisfy the bi- 
quadratic equation 

(flo - «aX + «4X*)* - X(ai - a^xy = 0, 

Gregory, Examples, p. 890. 

5. We may, in some cases, employ the Calculus of Ope- 
rations to great advantage in the investigation of the solutions 
of systems of simultaneous partial differential equations, and 
the results will be found to exhibit themselves in a remarkably 
symmetrical form. 

Thus^ if we had the system 

multiply the first equation by a?*, the second by 2^-^, and the 
third by y*, and adding, we get 

x^Dl. z + 2xyDa:Dy.z + y^Dl .z^x%^ 2xyf^ + ff^. 

Break up the right-hand member, as before, into sets of ho- 
mogeneous fimctions, and the whole assumes the symbolic 
shape 

V(V-1)2«» 9m+ On+ Op + Ac. ; 

and the required solution is, 

z = —} r: + ~7 fv + &c.+ tto+Mi, 

m{m-\) n{n - 1) 

where th and Mi are arbitrary homogeneous fimctions in x and 
y, of the degrees and 1, respectively. 

The primd facie method of solving such a system would 
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be, to integrate the first equation twice with respect to x, 
supposing y constant, thereby introducing two arbitrary func- 
tions of y ; to integrate the second equation successively with 
respect to x and y, thereby introducing two more arbitrary 
functions, the one of y, and the other of x; to integrate the 
third equation twice with respect to y, thereby introducing 
a further pair of arbitrary functions of x ; and finally, by a 
comparison of the solutions thus obtained, to determine the 
characters of the resultant arbitrary functions as far as pos- 
sible. 

It is obvious that our method of solution will apply to the 
system 

J^l'Z =/(^^, e^ 8in0, sin^, cos0, cos^) 

D^D^.z =J^(e^ ^S sin0, sin^, cos0, cos^) 

B^^.z =^(e^, c^, 8in0, sinxf/j cos0, cos^) 

the functions^, ^,^ being severally reduced to the form 

Many other similar applications will readily suggest them- 
selves. 

It is important to observe, that the conditions of the above 
questions render it necessary to introduce a limitation upon 
the forms of the arbitrary functions. It is, in fact, evident 
that these functions must include no inverse powers of the in- 
dependent variables, otherwise, although the result of the 
aggregation of the partial differential equations might be cor- 
rectly solved, yet such a solution would not satisfy the equa- 
tions separately. 

Camb. and Dvb. Math. Journal^ 1853. 

6. If it be required to eliminate the arbitrary functions 
from the equation 

it is known that the result is obtained by differentiating the 
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equation twice with respect to x and y, respectively, the first 
differentiation giving 



(z)-^lxF;(z)^yFi{z)].D:,z = \ 
(z)^xF;(x)-^yF;(z)].n,z^O i 



whence, by division, 

and the second differentiation giving 

q^r -2pqs -\- p^t = 0, 
or 

{Pyzy.D\z - 2B^z .Dyz . D^DyZ + (2>,:z)^i>J2: = 0, 

the partial differential equation of the gauche surface gene- 
rated by a right line, which, gliding upon two fixed directrices, 
remains constantly parallel to the plane of the axes x and y. 
Similarly, it appears that the solution of the system of 

^ simultaneous partial differential equations, containing 

p independent variables, 

{DyWy.Diw - 2Da:W.DyW . D^DyW + {Da:w)\Dlw = 
{Da:Wy.Dlw - 2Aw? .D:,W.D^D:,W + {I)^W)\Dlw = 

{D^wy.Dlw - 2nyw .D^w .DyD^w + {Dywy.Dlw = 

&c, 
is 

xji{wy z^ &c.) + yfiiyOi 2r, &c.) + . . . = 1 

zfyiw, y, &c,) + xf^,{w^ y, &c.) + . . . = 1 

y/i//(?(j, a:, &c.) + ^/(t^, a?, &c.) + . . . = 1 

&c. 

by a comparison of which we get for the ultimate solution 

xFi(w) + yF2{w) + zF^(w) + &c. = 1, 

exhibiting only p arbitrary functions. 
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7. Let it be proposed to integrate the system of equations 
which determine the small motions of homogeneous elastic 
gases, namely, 

^. d^ ^ ^ ^ ^ 



Let 



Greoort, Examples^ p. 892. 

and, differentiating the first equation with respect to x^ the 
second with respect to y, the third with respect to z, and 
adding, we get 

2>> F= a^{Dl F+ 2>J F+ jDJ F), 

the integral of which is 

which, by an elaborate process of transformation, has been 
given by Poisson (Memoires de Tlnstitut, 1818), in the shape 

47rF= 

\l?o ^0(^+«^cos0,y+af sin0cos0,2r+a^sin0sin0)sin0rf0d^+ 
/> f»[>»^;/.(a;4-a^cos0,y+a^sin0cos0,z+a^sin0sin0)8in0fl?0cf^. 

The value of F being thus found, «, r, w are to be obtained 
by its substitution in the given system of equations. 

8. If the system to be integrated were that representing 
the small motions of homogeneous elastic solids and homo- 
geneous incompressible liquids, namely, 

I>\u = PD:,{D^u + DyV + D,w) + Q{Dlu ^D'yU + Diu) 
D\v =PDylD:,u^^DyV'^D,w)+ Q(2^r +2>Ji; + i)Jr ) 
D',w^PD,{D^u + DyV-^D,w)+ Q (i>> + 2>Jw; + 2)Jw?) 
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where P and Q are constants, we may proceed in a manner 
somewhat similar. The first equation being differentiated 
with respect to ^, the second with respect to y, the third with 
respect to z, and all being then added together, we get 

2)JF= P(2>* F+ 2)JF+ BIV) + Q(2^F+ 2>JF+ I>IV) 
or 

2)JF = (P+ Q) (DiV -^ DIV -^^ BIV), 

the solution of which has been just given. 

9. Let the system to be integrated be 



BI)tq+(A^C)rp=B^-¥(A-C)rp = 



> 




the well-known equations which serve to determine the rela- 
tion between the angular velocity of instantaneous rotation 
and the time, in the case of a rigid body rotating about its 
centre of gravity, and not subject to the action of any forces, 
Ay By C being the three principal moments of inertia. 

These equations being multiplied, respectively, hyp, q, r, 
all then added together, and the result integrated, we get 

Ap' + Bq^+Cr^^ F, 

a constant, which is known to represent the vis viva of the 
body. 

The original equations being again multiplied, respectively, 
by Ap, Bq, Cry all then added together, and the result inte- 
grated, we get 

AY + B'q^ + C^r^ = M\ 

M being another constant, which is known to represent the 
principal moment of the quantities of motion. 
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Now if CD be the angular velocity of instantaneous rotation, 
and we investigate the values otp\ q^^ r*, from the equations. 



we obtain 



p' 



y'= 



r» = 



{C -A)(B- A) 

(A-B)iC-B) 

M^- ( A + B)V+ABu>* 
{B^rc)lA-Cj 



If we substitute these values in any one of the original 
equations, we obtain the following relation : 

ABC . iodta 

{(^+Or-.BC««-AiJ}i.{(c+^)r-ci«2-Af2}*.{(iH-^)r-^^a*»-ifcf«i*. 

Laoranob, Mec, Anal.^ Seconde Partie, p. 247. 
10. Let the system to be integrated be 






d^v 

d^w 
IF 



dR 

du 

dR 

dv 

dR 

dw 



= 



= 



&c., 



the number of variables u^ v, Wy &c., being n, and R being a 
function of r, where 



r = (2£*+ v»+ u?«+ ...)i. 
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The system may be obviously written in the shape, 



Diu - DrR . - = 

r 

Div - DrR . - = 

r 

DjMj-D^/e. -=0 

r 

&c. 



Eliminating DrR between these equations in pairs, and 

72 • W •" 1 

integrating the corresponding results, we obtain — '—^ 

first integrals, namely. 



vDtU - uDtV = 
uDtw - wD^u = 
wDtv - vDtw = 
&c. 






Multiplying the given equation by 2DtU, 2Dtv^ 2DtWj &c., 
adding them all together, and integrating the result, we get 

(Ptuy + {Dtvy + {Dtwy + &c. = 2(/2 -» a), 

A being an arbitrary constant. 

But the equations composing the previous system of inte- 
grals being severally squared, and all then added together, 
we obtain 

Hence there results 



(Ar)' = 2(i2 + ^) - ?, 



aiid consequently 



dt^ 



rdr 



[2r^ {R ^ A) - 3^)1' 
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or 



By means of this eqiiation eliminating DrU from the first 
equation of the modified form of the given system, we have 

_, ^, & u ^ 

rJ5j2*-ii2>?r + — .- = 0, 

r* T 

Hence if ^ be a quantity determined by the equation 

Bdt Bdr^ 

we obtain for the required system of second integrals 

tt = r(^i COS0 + hi sin^) 
V = r(^2 CO80 + ^2 sin^) 
w = r(^3 COS0 + ^3 ein^) 
&c. 



* + 



< + 



"1 



JBrfr 



[2r\H ^ A) -- &\^ 
rdr 



[2r\R ^ A) - IP\h 

By means of these we obtain in terms of r, and r in terms of 
^ + a, and therefore in terms of ^ + a. Thus we have w, v, 
M?, &c., expressed in terms of t^ a, /3, -4, B, ^i, Aj, &c. 

It would appear that the ultimate number of arbitrary 
constants is 2w + 4 ; but since /3 only tends to alter ^i, Aj, &c., 
it may be neglected. And since upon squaring the first group 
of the resulting system, and adding, we get 

1 = cos*0 S (^») + 2 sin0 cos0 2 {gh) + sin ^ S {h% 

which can only subsist for all values of by the fulfilment of 
the conditions 

it is plain that there are not vu*tually more than 2n indepen- 
dent arbitrary constants. 

M 
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The integrals for detenmning t and are not independent, 
for if we assume a function 

it is readily seen that 

dS ^ dS 

< + « = ^, ^ + /3 = -^. 

BiNET, as quoted by Gregory, Examples^ p. 896. 

11, Let it be proposed to integrate the system of equap- 
tions 

AD:,u + BDyU + CB^u = E^ 

A'Da:U + B'ByU + CD,u = jE' J 

A , A\ By B, &c., being constants. 

Jellbtt, Law^s Mathematical Prize^ 1854. 

These equations being integrated separately, we get 
E(x y x\ f l \ 7:\ 

and the result required is obtained by the identification of 
these solutions. 

Now, it is evident that they may be exhibited under the 
shape 

Z\A B^C) ^\B C'C a' a BP 

Z\A' B'^ C) \b C" V a" A' BJ' 

By a comparison of these solutions it is obvious that the forms 
of $ and ^ must be linear ; in other words, that the equa- 
tions just stated should be exponible in the shape 
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Ef X y z\ , ( y z\ (z x\ Ix y\ 

where /, /', m^ vfi^ &c., are unknown constants. Either of these 
solutions is identified with the other by the suppositions 

E ^n-m E ^n-m' 

A'^ — 'H'^^-r 

E „l-n E l-n' 
E m-l E' m'-r 

'C '^ ~C~ ^ C' '^ ~c~ 

I 

12. Let the system to be integrated be 
DIA + 2pD:,D^A + pWlA = 
Da:DyA + pDyD.A + qD^D.A ^ pqD\A = 
2)J4 + 2qDyD^A + qWlA = 

Jellett, Calculus of Variations^ p. 345. 

where A is some function of ^, y, z^ p, and y, the ordinary no- 
tation for the partial differential cofficients of -e with respect to 
X and y being retained in this particular case for the sake of 
simplicity. 

These equations may be thrown into the form 

(2>a, + pi)z)^ ^ = 

{P^^pD,){Py^qD,).A^O 

(Dy+qD.y 4 = 0, 

under the condition that the quantities/? and q are regarded as 
independent variables, and consequently not differentiated, un-r 
less with respect to themselves. 

The integration of the equations severally gives 
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^ = ^a: + ij 01 (z -px, p, q, y) + i^i {z ^px^ p^ y, y), 
-4 = 03 (z -px, p, y, y) + 1^2 (^ - ?y> Pi ?» ^)> 

^ = (y + -) 05> (-2^ - ?yj i^j ?» «)+ 1^3 (^ - ay, p, ?, «), 

and by identification of these results we tdtimately obtain 
^ x^{z -px-qy.p, q) + yX {z-px - qy,p, q) 
"" \ •^'^{z-px-qy.p.q), 

13. If the system to be integrated were 

IJ^^A ^ 2pD.D.A ^pD^A--- (, ^y f ^.), 

D,DyA+pDyD,A^qD,D,A^pqD\A = -^^_^L> 

I>J^ + 2qDyD,A + y«2)J.4 - - ., ^ t ^' .X3 > 
V ^ y ' :* ' (1 +/?«+ y'*)! 

Jellett, Calculus of Variations^ p. 374. 

we assume 

{P:,^pD;)A^{D:,A)^u, {Dy^qD;)A={DyA)^v, 

and the first and last of the given equation are thus reduced, 
respectively, to the forms 

The integration of these gives 

(1 +f^)x , . 

" = "(iT7T^f'"*(^"P'^'^'^'^)' 

Multiplying these respectively by <&, ^y, integrating, and 
taking into account the second given equation, we get ulti- 
mately 
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* (1 +/>'*+ y»)l ^ 

where ^, X, and "^ are the functions of the last example. 

14. Let the system to be integrated be that which deter- 
mines the azimuthal motion of the plane of a freelynsuspended 
pendulum, namely, 



D]x 



Biz 



dp 

d^y 
dt^ 
d}z 



3^ +iV^*'"'^) 



r+/ 



I 



«^-2-ift*^^ 



r + I I 



where the origin is the centre of the earth,''the positive axis 
ofz the axis of rotation of the earth directed^ upwards, the 
positive axis of y directed towards the spectator, and the 
positive axis of a: to the right hand ; x^y^z denoting^the co- 
ordinates of the centre of oscillation of the pendulum ; x\ y , z' 
the co-ordinates of the point of suspension ; g the^ attraction 
of the earth; I the length of the pendulum; r the radius of 
the earth ; and iV the tension of the string. 

If these equations be transformed to the point of suspen- 
sion as ori^n, the positive axis of z being vertically down- 
wards, the positive axes of x and y being in the horizon, and 
directed towards the east and north respectively, we shall ob- 
tain the following : 

Nx 



Dix^ 



I 
Ny 



+ 2k sinX/>^ + 2A cosXi?t2r + k^x 



D\y + -^=-A*rcosXsinX-2AsinAI>t4:+ A*sinA(y sinA+zcosX) 

Nz 
i>j2;+— =-A»rcos*A+y-2icosX2>ia:+A'cosX(ysiiiA+zcosA) 

X being the latitude of the place of observation ; or, suppos- 
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ing the axes of co-ordinates transformed to the vertical and 
horizon of the actual spheroid. 



i>*a?+ 



I 
Ny 



4 2A sin Ai>iy + 2k cos AZ><2r + k^x 



Diy + -y- = - 2^ sinXA^ + *' sinA (jf sinX + z cosX) 



Nz 



D\z-\- -J- =ff-2k cosXDiX + A» cos A (y sinX + z cos A) 



If the terms depending on A' be neglected in these equations, 
we obtain 



l}ix + 



J^ly^ 



Nx 

I 

Ny 

I 

Nz 



+ 2k sinXDty + 2k cosXDtZ 



- 2£8inXZ>(^ 



DJz + -^^ =ff- 2k cosXDtX 



Eliminating ^between the first two equations, we find 

{yD\x - xD\y) = 2k sinX (y Ay + xDtx) + 2A cos A yDtZ. 

Integrating this equation, we obtain 

yDtx - xDty = k sin A (a?* + y^) + 2A cos A Jycfe. 

Transforming this equation to polar co-ordinates by the for- 
mulse 



X = 

z = 



/ sin sin 0, 
/ cos sin 0, 
Zcosd, 



in which denotes the azimuth measured from the north, and 
the deviation of the pendulum from the vertical, we find 

2k cos A 

B3 A! fiin A — 

dt 



Bt^ =-^ = A sin A - ^"^^^n"^ J COS0 sia^OdO. 



smi 



(-) 



This equation proves that the azimuthal velocity consists of 
two parts : one uniform, and equal k sin A, directed from the 
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north to the east ; the other periodic, and passing through all 
its changes in the time of an oscillation of the pendulum, and 
depending on the amplitude of the vibration. As the azimuth 
maybe considered constant during the time of an oscillation, 
the second term in the last equation may be integrated. Hence 
we obtain 

A0 = -^ = * sinX - P cosX CO80 . 0, 

being a small arc, the powers of which above the second may 
be neglected, and vanishing twice during each oscillation. 

From the equation just found it is easy to see that the 
plane of oscillation undergoes a periodic variation in azimuth ; 
in consequence of which the projection of the centre of oscil- 
lation of the pendulum on the horizon will describe a curve re- 
sembling a figure of eight, in which, if the pendulum be in the 
meridian, the motion in the northern loop is retrograde ; and 
in the southern loop progressive. 

The variation in azimuth produced by the second term of 
equation (a) will be insensible, unless become nearly equal 
to TT, in which case the change in azimuth will become indefi- 
nitely great ; for, integrating this equation, we find the initial 
motion being in the meridian, 

n * dd) J . ^ - ^ 0-sin©cos0 

Dt(h = -^ = A; SmA - k cos A r-TTi . 

^ at sia^U 

If, in this equation, be equal to tt, the second term will be 
infinite and negative, denoting that the plane of vibration 
swings round suddenly to the west. This result is evident 
without analysis : for, if the pendulum be started in the meri- 
dian, so as to pass the lowest point with a velocity due to 
twice its length, it will reach the top of the circle without ve- 
locity, and fall suddenly to the west, in the prime vertical. 

If the pendulum were to perform a complete revolution 
with a high velocity, the time of revolution in azimuth of the 
plane of its motion would tend to the limit 23* 56"^; but when 
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the motion is oscillatory, the theoretical time of revolution in 
azimuth will be 23* 56'* x cosec A, as has been proved for small 
arcs of vibration by M. Binet ("Comptes rendus de TAcad. 
des Sciences," Feb. 17, 1851). 

Gausbaith and Haughton, Proc, of Royal Irish Academy^ 1851. 

Skction II. — Evaluation and Extension of Definite 

Integrals. 

15. The Calculus of Operations is obviously susceptible of 
application to the subject of single and multiple Definite Inte- 
grals, and an interesting field is thus opened for investigation to 
the student. It would be impossible here, and, so far as our 
present purpose is considered, unnecessary, to follow up such 
an investigation in its details ; and a few general theorems, 
with examples illustrative of their application, must sufiSce. 

16. It has been proved in the eighth article of the Third 
Chapter, that, if O and ^ be any algebraic functions. 

If r be changed into - r, we get 

Now it is easily proved that 



lodxemmxer^' = 



m 



Hence operating on each side of this equation with 
we obtain the theorem 

mil "^ I 

and, by a similar process, the theorem 

foda co8ma.^r{D,) . ^ (x) r^' =0(- A) ^^/"^^ 

Bbonwin, Camb and Dub, Math. Journal^ 1848. 
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17. If 

\dx \dy \dz..Q, (^, y, z, &c.) . a*^^« *V . ix(^« *^) . c^^^^ **^> . . = ^, 

the quantities a, &, c, &c., being unconnected with the limitSi 
then will 

/rfirJd'yj€fe..Q(a?,y,0,&c.)F(*+X+i/'+&c.).a^6x.c^..^ 

where, 

V = aDa + iA + cDc + &c. 

This is obvious, since, from the supposition made relative 
to a, ft, c, &c., we can operate with the symbol v under the 
integral signs. It will be observed that the result bears a 
resemblance to Liouville's well-known extension of Dirichlet's 
integral. 

Conversely, if it be required to investigate the value of 
the multiple definite integral 

\dxldy\dz ...QiQc^yj Zj &c) . jP(^ + X + 'Z' "*" ^0 •«*•&*• c^ •• • 

in which the quantities a, i, c, &c., are unconnected with the. 
limits, the inquiry is reducible to the investigation of the 
value of the simpler multiple definite integral 

\dx \dy jdz , .. Q, (x, y, z) . a^ ,bx. C^ . ., 

and subsequent operation upon the result with the symbolic 
form F (v), where v is ^^^ symbol above defined. 

We seem to have here made a step towards the solution 
of that which has been long a difficulty in the treatment of 
multiple definite integrals, namely, the generalization of those 
in which the variables enter as complicated functions in the in^ 
dices of known quantities. The most valuable extensions yet 
obtained are those in which the element of the primary mul- 
tiple definite integral exhibits the variables under finite forms 
only. 
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Examples, 
(1.) It can be easily proved that 



iodxQyiodz.a'^.b''\c'^ = iir* 



1 



8 (loga . logi .logc}^ * 
hence 

iodx py iodz . F (a?«+ y«+ 2^) ar^ . b-v" . cr'^ 

°8''**'^^"^^{loga.log6.1ogc)i* 
Conversely^ the investigation of the value of 

iodxiodyiodz. F(a?» + y» + ;?«) a*^ . b'^\(rf 
is reduced to the investigation of the value of 

iodx lodyiodz . a ** . fi-^ . c**, 
which is known to be 



8 (loga . logft . logcji* 
and operation upon this quantity with F (- v)« 

(2.) Again, we readily see that 

Iodx lody iodz . a-v' .b-^.cT'.a^K y«-» . z^'^ 

r(/)r(m)r(n) 1 



p^^fM • (logay . (log 6)"* . (logc)* * 
and hence 

iodxiodyfodz.^(j)a + qy + rz) a"^*. br^y. c^'af'^.y^^.s^-^ 



.rm^m^,.^^ 



1 



Conversely, the investigation of the value of the integral 

^QD ^ OD j> CD 



I 
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is reduced to the investigatioii of the value of 

lodajodt/iodz . a-v"" b-^ c^' af-^ t/^^ :!r\ 

which is known to be 

r(Q r(m) T{n) 1 

^ q^r^ • (loga)' . (logi)"* . (logc)*' 

and operation upon the result with F (- v)* 

PhUosophieal Magazine, 1852. 

18. More generally, since 

F{xDa:, yDy, zD^j &c.) . af»y^2f ... - F(m^ n^p^ &c.) . af»y«2f . . ., 
we have ^ 

F{aDa, bDi,, cDc, &c.) . a^*»y'''*«> . 6x(*'y»''*«-) . c^(«:. v. '.&«.> . . . 

Hence, if 

[dx\dy\dz. . .Q(ar,y,2r, &c.)a^*'«''"*^\ fixcaHy.*.&c)^^(a,y„,&c.)^ ^ ^.jf^ 

the quantities a, &, c, &c., being unconnected with the limits, 
then will 

Conversely, if it be required to investigate the value of the 
multiple definite integral 

\dxjdy\dz ... Q, (x, y, Zj &c.) . i^(^, x? ^> &cO a^b^c'*'... 

in which the quantities a, 6, c, &c., are imconnected with the 
limits, the inquiry is reducible to the investigation of the 
value of the simpler multiple definite integral 

jdxjdyjdz...Q,(Xiy, -zr, &c.). a^.fex.c^^ ,,. 

and subsequent operation upon the result with the symbolic 

form 

F(aDay bDty cBc, &c.). 
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CHAPTER VII. . 

INTERPRETATION OF SYMBOLS OF OPERATION. 

1. It appears from a theorem in the second article of the 
Third Chapter, that if 

» 

where A09 ^19 A29 &c.j are constants, then 

a*^ai. £/"= Ao + aAiX + d^A^a^ + a^A^a^ + . . + a^AnOf^. 

The interpretation of this result is readily seen to be, that the 
operation of a*^* upon the mixed rational function U converts 
the variable x throughout it into ax. 

Graves, Fellowship Lectures^ 1851. 

2. We saw, moreover, in the corresponding article of the 
Fourth Chapter, that if U contain any number of independent 
variables, and be expressed as a sum of a number of homoge- 
neous functions, thus 

that 

or 

o^. 17= Uo + aui + a'tta + . . . + a" Wn- 

The interpretation of this result is, again, seen to be, that the 
operation of a^ upon U converts the variables ar, y, z, &c., 
throughout it, into clx^ ay, az, &c., respectively. 

3. Let it be proposed to investigate the value of the sym- 
bolic quantity 
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where 

Now, if we put 
dx 






the given symbolic quantity becomes 

and as U, from being a function of a?, y, z, (Sbc., can be trans- 
formed into a function of 5, ij, Zi &c«> hy the aid of the assimip- 
tions just made, the question is reduced to a shape which 
admits of obvious solution. 
Thus, as 

U=f(x, y, Zj &c.) 



and 



&c. 



we get 



i7=/($-K? + c), ^'\n^d), X-'(2: + e), &c.), 
and, therefore, 

^^rV*<^. Z7=/{ ^-^(S + c + 1), ^-^(i, + rf + 1), &c. } 

whence, finally, 

or, the result of the operation of the sjrmbol 
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upon any fiinction of a?, y, &c., is to change x into <P'^{fPx +1), 
y into ^-^(^y + 1), &c. 

In the practical application of this theorem, the difficul- 
ties with which we have to contend are, the deduction of the 
integrals 



[ dx f dp o 



and the inversion of the functions ^, ^, &c* 

This article is mainly a generalization of results obtained, 
for a single variable, by the Rev, Professor Graves, and com- 
municated by him to the Boyal Irish Academy^ April, 18£^2. 

Examples* 

(I.) The simplest and most obvious illustration of the va- 
luable theorem contained in the previous article is afforded by 
the suppositions 

^(x)^x, iA(y) = y, x(^) = ^J &<5. 
In this case, in fact, the operative symbol 

0(a;) i>^ + i^(y) i>y + x(^) D, + &c. 
becomes 

xDx + yDy + zl)^ + &c. = v> 
and therefore 

^""•/(^jyj&cO^/llog-Xl + log ^),log-i(l + logy), &c.), 

or 

e^.f{x^ y, Zy &c.) =/(^ar, ey, ez^ &c.). 

K we break up^into sets of homogeneous terms, it is evi- 
dent that this result is identical with that given in the second 
article of the Fourth Chapter, already cited, namely 

e^ Z7«s Uo+ eui + fhjb% + &c. + «"««. 
(2.) More generally, let 

^(aj)-^^ ^(y) = 2^, &c., 
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and the result of the evaluation of 
is 

/[ ' T' ' Z' ^- ]• 

( {l-(m-l)aj»-»)«-i (1 -(» - l)j^-i)»-i ) 

It is not dijBScult to verify this formula for the particular cases 

m B 72 r= &c. « 0, 

m = w = &c. «= 1 . 
In that in which 

m B 91 » &c. » 2, 

we get the result 

g^*'"*^* *"/(«, y, Ac) -/(j4^, Y^, &«.) ; 

and when 

m = w = &c. = 3, 
we get 

ni-2x*)* (1-22^0* 
(3.) Let 

^(^) = (a^ - aj»)», xlj(y) = (6^ - y«)*, &c. 

and the result of the evaluation of 

is 

y{asinf 1 + sin-^-J, ft sinH + sin-i|), &c.j. 

(4.) Let 

^ (a) = a* + ^S i/;(y) ^b^-\-y\ &c., 

and the result of the evaluation of 
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is 

f[a tana /^l + - tan-^-\ * tani ( I + rtan'^l) &c.)- 

(5.) Let 

^(x)^x \ogXj ^{y) = y logy, &c., 

and the result of the evaluation of 

^^^^«*»^^^y**^./(a5, y, &c.) 
is 

f(af, t^ &c.). 

Thus the result of the operation of the symbol 

upon any function of a?, y, &c., is the change of a; into aj*, y 
into yF'i &c. 

This theorem may be deduced directly with great &cility, 
from the case of a single variable, by putting x = 6*, since then 

^v^D^ . a?»= ^^<1 + mO + ^ + &c.)» 

whence by the second article of the Third Chapter 

^logxD, . a-» c= 1 + 6 . wO + ^2. -— + &c. = ^^^ = {a^y. 

(6.) Selecting now a particular form for the function ope- 
rated on, we shall suppose that it is linear in or, y, &c. Then 

^0(«)Z>,4 Vr(y)l>/ &c(a^ + 5y + &c) = a *-» (*a; + 1) + 6^1 (*y + 1) + &c., 

and we may introduce the values of {x)^ xp (y), &c., employed 
in the previous examples. 

4. There are certain cases in which the evaluation of the 
quantity 



k 
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may be considerably facilitated. Thus, if V consist of the 
product of certain minor functions tf, v, w^ &C.9 we may avail 
ourselves of the theorem given in the following article, namely, 
that 

^*. ucw . . . = €?*'ti . e*v .e^w • . . 

if ^ be such a symbol that 

since it is obvious that 

^ (a?) Da: + \p (y) Dy + &c. 

satisfies the required condition. 

5. ^ being a distributive symbol, such that 

^. uv = u^v + r^tt, 
it can be readily proved that 



For 



tf*.tit; = (l + Y + r-^+ •••).m;; 



or, by the given condition, 

c*.t«? = tii? + r + 1-^ + &C., 

a result coincident with the expansion of 



€*tt . e^v. 



Hence it follows that 



e^. uvw . . . . = e^u . e^v . e^^w • . . . 
and, consequently, that 

Graves, Fellowship Lectures^ 1851. 
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6. If it be proposed to investigate the value of the sym- 
bolic quantity 

where the coefficients of the symbols of differentiation are 
mixed functions of all the variables, and 

U = F{x, y, z, &c.)» 

a method completely different must be adopted, and the ques- 
tion seems to be, in general, insoluble. 

If, however, we suppose that the result may be repre- 
sented by 

F[^{xj y, z, &c.), ^(^, y, Zy &c.), ^(ar, y, Zj &c), &c.), 

or that the effect of the operating symbol is, while the form 
of F remains the same, to convert x into ^ (a?, y, Zj &c.), y into 
X (x, y, z, &c.), and so on : the forms of these functions still 
unknown may be thus investigated. 

Let 

<p(xyyyZ,&o.)Da:+x{xyyyZ,&c.)Dy+\f/{xyyyZ,&c.)Dg-\-&c.-w. 

Then 

toi . 0? = (ar, y, 2;, &c.) 

and 

a> . e". a? = e^. toi . a; = 6*. ^(a!?, y, ^, &c.) 

But, by hypothesis, 

e^.x = <P(x, y, Zf &c.), 
and 

e''^(ti(a!,t/,z,Sx;,)=ip{<P(x,y,z,&^.),X{x,y,z,&c.^^^ 

Hence the first equation of the following system, and, by 
processes precisely similar, the remainder : 

(^D^ + xi>y + ^A + &c.) . $ = 0(0, -X, ^, &c.) 
(02>^ + xDy + 4.D, + &c.) . X= x(*> -^» "^y &^') 
(*^* + xDy + i/'Z?, + &c.) . ^ = ^(^, X, % &c.) 
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Thus, to find the forms of ^, X, ^, &c., we have a number of 
simultaneous partial differential equations equal to the number 
of functions whose forms are to be found. 

If the converse of this question had been proposed for in- 
vestigation, that is, if the forms of O, X, ^, &c. being given, 
we had been required to investigate the forms of ^, x> «/'> &c«j 
we may regard the previous system as one of simultaneous 
functional equations, from which the forms of 0, Xj ^> &c* ^re 

to be determined. 

Graves, Fellowship Lectures^ 1852. 

7. Let it be proposed to investigate the effect of the ope- 
ration of the symbol sin ( - xD j upon any rational and integer 
function of a;, suppose 

Aq + A^x + A^^ + A^af^ + &c. = X. 
Then 

sin i ^xD jX^ sinf ^ . jAo +sinf|^.lMia? + sinf^.2J -ij^' 

+ &c., 



or 



sm 



( -xD ]X = AiX - As,^^ + As^K^ - A^x'^ + &c. 

Thus the effect of the operation sin [ ^xD J upon any rational 

and integer frinction of ar is, to cancel the terms whose indices 
are even numbers, and to change the signs alternately of those 
terms whose indices are odd. 
Similarly, 

cos { -xD ] X= Ao- Acjx? + A^Q(^ - A^ + &c. ; 



and thus the effect of the operation cos ( ^xD J upon any ra- 
tional and Integer function of x is, to cancel those terms whose 
indices are odd numbers, and to change the signs alternately 
of those terms whose indices are enm. 

Graves, Lavo^s Mathematical Prize, 1853. 
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8. In a manner precisely similar it may be proved that, if 
U be any rational and integer function of a;, y, z, &c., broken 
up into sets of homogeneous functions, thus 

the effect of the operation sin [ — v ) upon U is, to cancel the 

homogeneous fimctions whose order is even^ and to change the 
signs alternately of the functions whose order is odd^ or that 

sin ( — V J . Z7= Wi - W3 + Ws - W7 + &c. 

Again it may be proved that 



cos 



( 9 V ) • ^= Uo-'th + Ui- ^e + &Cm 



and the interpretation is obvious. 

By combining the last two results we find that 

I sinf ^ V ) + cosf - V ) \ 'U=tio+Ui-ti2-Ui-¥U4r¥U6-UQ-UT^ &c., 

the interpretation of which is, that the effect of the operation 

sin 



^(?v)+C08^|A 



upon C7, is simply to change the sign of each alternate pair of 
homogeneous functions, the series being supposed to ascend 
regularly from the order zero. 

9. From what has been just said it appears that the solu- 
tion of the linear total differential equation 



8inf|^2>j.y = 



is 

y =» Co + C^^ + Ciic* + &c., 

and that the solution of the equation 

cos f - a^D j . y = 
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is 

where C^ Ci, C^^ C3, &c. are arbitrary constants. 

10. In the same manner it appears that the solution of the 
partial differential equation 



sm 
is 



inf|vj.2^ = 



and that the solution of 



cos 
is 



(i')-« 



jzr = Wi + M3 + tts + &C., 

where v^ Mj, u^^ W3, &c. are arbitrary homogeneous functions 
of the orders 0, 1, 2, 3, &c. 



( 103 ) 



CHAPTER VIIL 

APPLICATION TO ANALYTIC GEOMETRY. 

1. If a plane curve, whose equation is 

Fix, y) = 0, 

be subjected to a simple translation in its plane, its equation in 
general assumes the fonn 

F{x + a, y + 6) = 0. 
Now the symbolic equation 

is exactly equivalent to this, or the operation of the symbol 

upon the equation of a plane curve, is equivalent to the simple 
translation of the curve in its plane to a position determined 
by the values of the quantities a and 6. We ntiay also, of 
course, regard it as equivalent to a translation, in the opposite 
direction, of the axes of co-ordinates, to an origin whose co- 
ordinates are a and b. 

Graves, Fellowship Lectures^ 1851. 

2. With regard to this theorem it may be observed, that 
a slight consideration of its form leads to the development of 
an imexpected and interesting result. 

Thus, if the symbolic expression 

be expanded, there is foimd for the equation, in full, of the 
translated curve, which I would propose to call the transferee. 
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and, consequently, the points of intersection of the transferee 
with the original curve, lie on the curve 

If the equation of the ori^al curve be given as a direct 
algebraic function of re and y, as it generally is, the equation 
just found is evidently terminable, and of one degree lower 
than that of the given curve. 



Examples. 

(1.) Let it be proposed to investigate the character of the 
points of intersection of a curve of the second degree with any 
transferee. 

Then, the equation of the curve being given in the shape 

Wa + Wi + Wo = 0, 

the points of intersection with the transfer ee, determined by 
the co-ordinates a, 6, lie on the curve 

which is, of course, a right line. 

(2 ) Let it be proposed to investigate the character of the 
points of intersection of a curve of the third degree with any 
transferee. 

The equation of the curve being given in the shape 

the points of intersection with the transferee^ determined by 
the co-ordinates a, ft, lie on the curve 



k 
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which is plainly of the second degree. 

3. In a manner precisely similar it appears that the opera- 
tion of the symbol 



^aD^+bD^+cD, 



upon the equation of a surface 

is equivalent to a simple translation of the surface to a position 
determined by the values of the quantities a, 6, c. 

4. The student will observe also that the curves of inter- 
section of any surface with a transferee determined by the 
quantities a, 6, e, lie upon the surface 

which is, in general, of one degree lower than the given 
surface. 

Thus, it appears that the curve of intersection of a surface 
of the second degree with any transferee lies upon the plane 

and that the curves of intersection of a surface of the third 
degree with any transferee lie upon the surface of the second 
degree, 

1 1 • A 

1.2.3 ' 
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5. If the equation of a plane curve referred to polar co- 
ordinates be 

fir, 6) = 0, 

the equation of the same curve, after rotation in its 'plane 
through any angle w round an axis passing through the origin 
and perpendicular to the plane, is, since any radius^vector r 
is unaltered by the rotation, 

/(r, + oi) = 0, 
or 

But, expressing the equation of the curve in rectangular co- 
ordinates, 

/(r, 0) = F(x, y% 
and 

Do = Dex . Da: + Dey.Dy = xDy - yD^. 
Consequently the equation of the curve after the rotation is 

or the operation of the symbol 

upon the equation of a plane curve 

F{x, y) = 

is equivalent to the rotation of the curve in its plane through 
an angle (i> round an axis passing through the origin and per- 
pendicular to the plane. 

Graves, Fellowship Lectures, 1851. 

Moreover, we know from other sources that the equation 
of this new curve is 

F(jecoQu} -^sinoi, a;sin(i> + ycos(i>) = 0. 
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Hence we derive the second inference, that the result of the 
evaluation of the symbolic quantity 



IS 



F(xco8(i} - ^sin(i>, x&mto + ycosw). 



6. It has been remarked already in the second Chapter 
that, upon d priori grounds, we cannot write 

as equivalent to 

or, again, as equivalent to 

since, in fact, the symbols 

u){xDy - yl>:g)^ aDx + bDyy 

are not commutative. 

In consistency with this result, it may be observed that, 
a posteriori^ the equations 

and 

^D,^D^^ ^<xDy-yD^^ P ^^^ ^^ ^ ^^ 

plainly represent distinctly posited curves, the axis of rotation 
in the one case being nearer to the curve than in the other ; 
and the angle through which the curve is rotated being the 
same in both cases. 

This appears again from analytical considerations, the first 
equation being equivalent to 

jF(a?cosw-ysinw + or, irsinci>+ycos(ii + i) = 0, 

and the second to 

F[{x + a) cos CD - (y + 6) sinoi, {x + a) sinoj + (y + ft) cosw) = 0. 
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7. If the aDgle oi be very small, we may neglect terms of 
the second order m the expansion of 

or, we may consider the virtual expansion of this expression 
to be 

F{x, y) + w {xDy - yD^).F{x, y) - 0. 

Hence, if 

/^(^,y) = 

be the equation of a plane curve, and this curve receive a very 
small rotation in its plane round an axis passing through the 
origin and perpendicular to the plane, the points of intersection 
of the curve so rotated with the original curve, lie on the 
curve 

{xDy - yD^) . F(x, y) = 0, 

which, of course, also passes through the origin. 

Graves, Fellowship Lectures^ 1851. 

The student will observe that, in this case, the points of 
intersection of the two curves lie on a third curve of the same 
degree. 

Example. 

Let the first curve be a conic section, or let 

i^ (a?, y ) = ^ a^ + ^y + 2Bxy + 2 ( C» + Cy) + i> = . 

The equation 

{xDy-yD;).F{x,y)^0, 

in this case, is 

X {Ay + Bx -^^ C) - y (Ax + By + C)^ 0, 
or 

B (x^-y^) -¥ (A •-A)xy + Cx ' Cy^ 0; 



APPLICATION TO ANALYTIC GBOMBTRY. 109 

and, consequently, if a conic section receive a very small rota- 
tion in its plane round an axis passing through the origin, and 
perpendicular to the plane, the points of intersection of the ro- 
tated conic, with the original, lie on an equilateral hyperbola 
passing through the origin. 

Kthe conic section be a circle, the points of intersection 
of the rotated circle, with the ori^nal, lie on a right line pass- 
ing through the origin, as from d priori considerations they 
should. 

Gbaves, Fellowship Lectures^ 1851. 

8. It is possible that F may be of such a form that the 
equation 

is satisfied identically, and in that case the original curve coin- 
cides with the rotated. This form is had by the solution of 
the equation 

{xDyyDx).u = 
which is 

and as the solution of 
is 

it follows that the circle is the only curve which coincides 
with itself rotated through a small angle, and that only when 
the axis of rotation passes through its centre perpendicularly 
to its plane. It is plain, too, that this coincidence, once estab- 
lished, holds even when the rotation is supposed finite. 

9. Let it be proposed to investigate a symbol, which, ope- 



110 
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rating on a function of ^ and y, will interchange x and y^ or 
transform F{x^ y), into i^(y, x). 

This result will evidently be obtained if, the equation 
being transformed from rectan- y 

gular into polar co-ordinates, a 
symbol be foimd, which, operat- 
ing on the function of r and 0, 
changes 9 into Jtt - 6, r being 
lefb unaltered. 

Now, we know that 

and that the sign of - Jtt is altered throughout (see the se- 
cond article of the Third Chapter) by operating with 




or that 



(-l)«'-4ir)2>(tf.^)= (-l)(tf-|ir)2)tf; 



(-iy'-*'^^£./(r, 9-hr) =f(r, ^ir - 9). 



Hence it appears, by substituting for (-1) its exponential 
form, and transforming back to rectangular co-ordinates, that 

Graves, Fellowship Lectures^ 1853. 

10. If the equation of a surface referred to polar co-ordi- 
nates be 

/(r, 0, 0) - 0, 

the equation of the same surface, after rotation through any 
angle yff round the axis from which 9 is reckoned, is 

/(r, 0, + </,) = O, 



or 



,^^. 



^^^^•/(r, 0, 0) = O. 
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Ill 




But if m be any point of the 
original surface, AOthe axis of re- 
volution, and ds an element per- 
pendicular to the plane of <??w, OA 
at m, since 

ds = pd<j>y 

p being the perpendicular from 
m upon the axis OA^ we have, 

JD^ =s pDs=p (PsX . Ba: + D^y . Dy + DgZ . JDg). 

Hence if /, m, tz be the angles made by the axis of rotation 
OA with the axes of co-ordinates, 

-0^= (y cos n -z cos m)Da:^(z cos /-^ cos n)Dy{^(xQOQ m -y cos l)Dg 
or 
i)^= co&l(zDy- yl)g)+ co&m(xDg- zDj)-\- co&n(2/Va:-xI)y). 

Consequently, the equation of the surface after the rotation is 

^t/r [COB 2(«D|ryD»)+ cos »n(ar2)»-«2)^) + cos n(y2)a,-ar2)y)]^ jp/^ y ^\ ^ Q 

or the operation of the symbol 

pyff [COB l{zDy-yD^) + COB m{xD^"zDg) + cob niyD^-xDy)} 

upon the equation of the surface 

F(x, y, z) = 0, 

is equivalent to the rotation of the surface through an angle ^ 
round an axis passing through the origin, the angles made by 
which with the axes of co-ordinates are /, wi, ». 

Graves, Fellowship Lectures^ 1861. 
11. Again, from the illegitimacy of writing 

^>^[cosI(r2>y-y2)g) + coBTO(a?2),-«2>a:) + cosn(y2)^-«2)y)]^ W<y y g\ 

as equivalent to 
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rating on a function of ^ and y^ will interchange x and y^ or 
transform F{x^ y), into -P(y, x). 

This result will evidently be obtained if, the equation 
being transformed from rectan- y| 

gular into polar co-ordinates, a 
symbol be found, which, operat- 
ing on the function of r and 0, 
changes 9 into Jtt - 6, r being 
lefb imaltered. 

Now, we know that 

and that the sign of 6 - ^ is altered throughout (see the se- 
cond article of the Third Chapter) by operating with 




or that 



(_l)«?-iir)D((,.^j= (-l)(^-*»>^tf; 



(-iy'-*'^^£./(r, 9 - iTr) =/(r, ^tt - 0). 



Hence it appears, by substituting for (-1) its exponential 
form, and transforming back to rectangular co-ordinates, that 

Graves, Fellowship Lectures^ 1853. 

10. If the equation of a surface referred to polar co-ordi- 
nates be 

/(r, 0, 0) = 0, 

the equation of the same surface, after rotation through any 
angle i^ round the axis from which is reckoned, is 

/(r, 0, + </,) = O, 



or 



i^D. 



^^^^•/(r, e, 0) = O, 
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{BGosm - B'coan) ^H(i3"co8» -jBcos/)y*+(Scos/-^coswi)2r* 

+ &c. = 0, 

and which passes through the origin. The reader will observe 
that the sum of the coefficients of a?'*, y', and z\ is equal to zero, 
in which circumstance consists the analogy with tHe corre- 
sponding theorem in plane geometry, before stated. 

13. It is obvious, both geometrically and analytically, 
that if any surface coincide with itself rotated through a very 
small angle round any axis, the coincidence will hold when 
the angle through which the rotation takes place becomes 
finite ; in other words, the surface must be one of revolution. 

Hence it appears that the general differential equation of a 
surface of revolution described round an axis passing through 
the origin, and making with the axes of co-ordinates the angles 
/, m, 72, is 

or 
{(j^coan-zco&m)Da:-\^(zcosl-xco&n)Dy+(xcoam-ycoal)I)g}.u^Oy 

a form somewhat more symmetrical than those given by 
Monge and Leroy, a.d whorgeometric interpretation is that 
a perpendicular to the plane of the radius vector and the axes 
of rotation is at right angles with the normal to the surface. 
The student will observe that the equation is satisfied by 

(y cos n - z cosm)^ + (2;cos/ - ajcos w)^ + (arcosm - y cos/)' 1 

- ^(jcco&I + y cosm + zcosn) " 

the geometrical interpretation of which is obvious. 



}■ 



14. The theorem of the last article, together with the cor- 
responding one in plane geometry, may be derived with, per- 
haps, greater facility from the consideration of the forms of 
their respective equations in polar co-ordinates. 

Q 
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Thus, it appears that the only plane curve which coincides 
with itself rotated through any very small angle round an 
axis passing through the ori^, and perpendicular to the plane 
of the curve, is given generally by 

or, the polar equation of the curve should be independent of 
e, or be of the simple form 

fir) = 0, 

which gives 

r = const., 

the general equation of a circle. 

Similarly it appears that the only sur&ce which coincides 
with itself rotated through a very small angle round the axis 
of polar co-ordinates, is generally given by 

or, the polar equation* of the surface should be independent 
of 0, or be of the simple form 

/(r, 0) = 0. 

Thus, the general equation of a surface of revolution in rect- 
angular co-ordinates would be 

/•// 2 . ..a . 2\4 -1 ^COSZ + ^COSm + 2rCOS7Z) ^ 

j\ \x^ + y* + zn^i COS * j—^ — - — -^^ > = 0, 

which gives 

xco^l + ycosm + 2;cos72 = ^(^ + y' + 2;*). 

15. It can be easily proved directly that the symbols 

xD;, + yDy^ xDy - yD^, 

* For illnstratioiis of the emploTment of polar co-ordinates in the investigation 
of the properties of snifaces, see Appendix B, On the Quadrature of Surfltcet, and 
the Rectification of Curves. 
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and, consequently, any functions of those symbols, are com- 
mutative; a result which can also be easily derived geome- 
trically &om the considerations that 

More generally it appears geometrically that the symbols 

xBx + yB^ + zBji 
and 

Q,o^l{zBy - yB^ + (io&m{xBg - zB^^ + co&n(yBa: - xBy)^ 

and, consequently, any functions of those symbols, are com- 
mutative. 

Hence it follows that the surface 

is identical with the surface 

This result, interpreted, shows that if any surface 

F(x, y,z)^0 

be rotated through any angle round an axis passing through 

the origin, and a surface be taken similar to this, and similarly 

placed, the origm being the common centre of similitude, and 

a the ratio of their linear magnitudes, the resulting surface is 

the same as that which would be obtained if the steps of this 

process were inverted. 

Graves, Fellowship Lectures^ 1854. 

16. If the equation to any plane curve be 

U=F(x,y)^Oy 

it is known that the general differential equation of the tan- 
gent line at any point (^, y) is 

aBxU+(iByU= xBxU+ yByU, 

a, )3 being the current co-ordinates of the line. 
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But, if Z7be broken up^into sets of homogeneous functions, 
thus, 

we know that 

(xDo! + j/By) .U= nun+ (n - l)w„.i + . . . + 22^3 + Wi, 
and, by the nature of the given curve, 

therefore 

{xDx + yDy) . U- - {un-i + 2m„.3 + . . . + nu^. 

Hence the above form of the equation of the tangent line to 
the plane curve t7= is, in general, susceptible of reduction 
to the shape 

aDa:U+ fiDylJ -{^ Un,i + 2m„.2 + . . . + WWq = 0, 

in which a, /3 are the current co-ordinates of the line.* 

17. It is known that, if P be the perpendicular from the 
origin upon the tangent at the point (xy y) of the plane curve 

[7=0, 
then is 

p^_xDJU^yDyU__ 

From the previous article it appears that this expression 
is, in general, reducible to the shape 



* It may be well to state, that the principle of the method here employed, with 
its results, as exhibited in the remainder of this Chapter, first suggested themselves 
in the month of December, 1851, and were commnnicated to the Dublin University 
Fhilosophical Society in the month of April, 1852. 
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From this expression we may derive the following theorem — 

Given a plane curve of the w** degree^ the points thereon for 
which perpendiculars from the origin upon the corresponding tan^ 
gents have the same constant value k^ are determined by the in^ 
ter section mth the given curve^ of one whose degree w 2(n - 1), 
and whose equation is 

18. If a, /3 be taken as the fixed co-ordinates of a point 
not on the plane curve, the equation 

expresses the polar curve of the fixed point (a, )3) with respect 
to the given curve 

Hence it appears that the polar curve to the origin with 
respect to the curve 

is represented, in general, by the equation 

Mn-i + 2m„.2 + ^Un-z + . . . + nUo = 0. 

Examples. 
(1.) Let 

or let the curve selected be of the second order. 

Then, the general expression for the tangent at any point 

is 

aDa:U + fiDyU+ Ml + 2tio = 0, 

a, /3 being the current co-ordinates of the line. 

The general expression for the perpendicular from the 
origin upon the tangent at any point is 

p_ ^i + 2t^ 



118 APPLICATION TO ANALYTIC GEOMETRY. 

The points on the given curve of the second order, for 
which perpendiculars from the origin upon the corresponding 
tangents have the same constant value A, are determined by 
the intersection with the given curve of another of the second 
order, whose equation is 

The general expression for the polar curve of a fixed point 
(a, /3), with respect to the given curve, is 

which represents, of course, a right line, as it ought. 

Finally, the general expression for the polar of the origin 
with respect to the given curve is 

Ui + 2uo = 0. 

(2.) Let 

Z7= t^ + ttg + Ml + Mo = 0, 

or the curve selected be of the third order. 

Then, the general expression for the tangent at any point 
is 

clDxO •'t ^DyU+ «^ + 2mi + 3mo = 0, 

a, j3 being the current co-ordinates of the line. 

The general expression for the perpendicular from the 
origin upon the tangent at any point is 

p _ t^ + 2tti + 3mo 



The points on the given curve of the third order, for which 
the perpendiculars from the origin upon the corresponding tan- 
gents have the same constant value £, are determined by the 
intersection with the given curve of another of ih^ fourth or- 
der, whose equation is 

k^ [{D^Uy + iP^Uy] = (m, + 2mi + 3wo)'. 
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The polar curve of any point (a, /3), with respect to the 
given curve of the third order, is a curve of the second orders 
whose equation is 

Finally, the general expression for the pdar of the origin,^ 
with respect to the given curve of the third order, is the curve 
of the second order, 

t«2 + 22^1 + 3t^ = 0. 

19. There is no difficulty in extending the results of the 
preceding articles to the case of geometry of three dimensions. 

Thus the general differential equation of the tangent plane 

to any surface 

U= F{x, y, z) = 0, 
where 

is reducible to the shape 

where a, /3, 7 are the current co-ordinates of the plane. 

Again, the general expression for the perpendicular from 
the origin upon the tangent plane at any point of the surface 

f7=0 
is 

Un.\ + 2w„_2 + . . . + nuo 



P = - 



Hence, again, the theorem — 

Given a surface of the w'* degree^ the points thereon for 
which perpendiculars from the origin upon the corresponding tann 
gent planes have the same constant value A, are determined by 
the intersection with the given surface of another swrface^ whose 
degree is 2(n - I), and whose equation is 

\^{{pjjy + {ByUy + iPzUy] = (^n-i + 2w„.2 + . . . + nu,)\ 
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Again, if a, jS, 7 be taken as the fixed co-ordinates of a 
point not on the surface, the equation 

aB^U-^ (iDyU-^ yDgU+ Un^i + 2ttn-2 + . . . + «Mo = 

expresses the polar surface of the fixed point with respect to 
the given surface. 

Hence, again, it appears that the polar surface to the origin 
with respect to the given surface is represented in general by 
the equation 

The student may for himself apply these results to the cases 
of sur&ces of the second and third orders, and also to the case 
of the surface whose equation is represented by 

20. If the point (a, /3, y) be supposed capable of motion 
on the surface of the w** degree, 

let it assume various consecutive positions on this surface. 
The corresponding successive polars, taken with respect to 
[7= 0, will by their intersections generate a third sur&ce, 
whose relation to F= is commonly expressed by the dis- 
tinctive appellation of Reciprocal Polar, for the case in which 
U= is of the second order. 

To find the equation of this third surface, differentiating 
V^O and the general equation of the polar surface with 
respect to a, j3, 7, we get 

n^v.da + n^v.dp + n^v.dy = o, 

DoiU.da^^ DyU.dy+ d^U.dz^O. 

Multiplying the latter equation by the indeterminate quan- 
tity X, adding, and putting the coefficients of rfa, e/j3, dy^ re- 
spectively, equal to zero, there results the system 
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and between this system, the equation of the polar surface, and 
F= 0, we have to eliminate a, j3, 7, and X. 

To accomplish this, we multiply the three equations of the 
last system by a, j3, 7, respectively, and remembering that 

aDa^^ ^D^V + yD^V = - {v^i + 2t7^2 + . . . + mv^), 
aI)j.U+ PDyU+ yDgU= - [u„,i + 2un-2 + . . . + nuo], 

we find that 

X = ~ ^"^^ '^ ^^"^^ + . . . -f mvp ^ __ (V) 

Un-i + 2Un-2 + . . . + nUo (Jjy 

Thus it remains for us to eliminate a, /3, 7 between the four 
equations, 

r=o, 

and 



1 



(£0 



where the left-hand members contain only a, j3, and 7 ; and 
the right-hand only a, y, and z. 

Such an elimination, in the present state of analysis, is, I 
believe, impossible, and the general question therefore in- 
soluble. Thus the only general representation of the envelope 
of the successive polar surfaces is the system of four equations 
last mentioned. 

21. Upon communicating the above result to Mr. Spottis- 
woode, it was observed by him that the three last equations 
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may be written in a new form, possibly leading to interesting 
consequences, and I am indebted to the Sev. Bichard Town- 
send, Fellow of Trinity College, Dublin, for a valuable modi- 
fication of his suggestions. 

If we remember that the point (a, /3, y) lies on the surface 
F= 0, it is obvious that, P being the perpendicular from the 
origin on the tangent plane at this point, and /, m, n the angles 
made by it with the co-ordinate axes, we may write those 
three last equations in the form 

cos/ J^ 

p {uy^'^ 

coam 1 -J _. 

COSn 1 r\ Tj 

It is evident that the right-hand members of the system 
do not admit of a modification similar to that which we have 
employed on the left hand, since the point (x, y, z) is not ne- 
cessarily on the surface U- 0. 

22. In one case, the general question of the envelope of 
the successive polars not only admits of solution, but the re- 
sultant equation of the envelope .appears to possess both ele- 
gance and utility. It is that in which F= assumes the 
symmetrical form 

^m j3m ytn 

Qfn ^ fM > 

while 17 = still retains all its generality.* 

The three last equations of the third article, in this case, 
become 



* The ordinaiy reciprocal of this last equation was given many years ago by 
the Rev. Greorge Salmon, Fellow of Trinity College, and Donegal Lecturer on Ma- 
thematics in the University of Dublin. 



\ 
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a"-i 1 



a" (U) 



.i>^C^=0, 



and eliminating a, j3, y between these equations and F= 0, 
we get the equation of the envelope required, in the symme- 
trical form 



m 



{aD^ Uy + (bDy C^)-i +. (cD, U)^^ - [- ( [7)]-i, 
where 

(Z7) = tt„.i + 2tt„.2 + 3w„^ + ... + iiMo. 

The discussion of some particular cases will be found to lead 
to interesting results. 

(1) When wi = 2, or when the pole is confined to a central 
surface of the second degree, then will the degree of the enve- 
lope of the successive polars with respect to a surface of the 
w** degree be, in general, 

2(71-1). 

(2) When, moreover, the surface, with respect to which 
the polar is taken, is also of the second degree and central, the 
envelope, or now Reciprocal Polar ^ to 

a^ b' d' 

will be a third surface of the second degree, and its equation 
takes the symmetrical form 

(3) When the pole is confined to a central curve of the 
second degree, and the polar taken with respect to any curve 
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of the thirds the envelope of the successive polars is a curve 
oiihQ fourth degree, which is symmetrically represented by 
the equation 

a\Da:Uy + h\DyUy = (m2 + 2u^ + 3wo)S 

a result which seems susceptible of elegant application to the 
theory of curves of the third degree. 

23. For additional information with regard to the applica- 
tion of the Calculus of Operations to Geometry, the reader is 
referred to the valued treatise on the Higher Plane Cwves^ 
by the Rev. George Salmon ; and to the elaborate papers on the 
Calculus of Forms, published in the Cambridge and Dublin 
Mathematical Journal, by Professor Boole and Mr. Sylvester. 
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CHAPTER IX. 

MISCELLANEOUS APPLICATIONS IN THE DIFFERENTIAL AND 

INTEGRAL CALCULUS. 

1. If ai, ^2 9 as, .. a„ be any given functions of a;, then will 
UiD, a^D. aJD . . . Z>.a„ + (-)*» anD ,,. aJD . a^D . ax , 

the suffix to the symbol of differentiation being omitted for 
simplicity, be a perfect differential. 

This theorem is readily established by induction. Thus, 
in the case of two functions, we have 

aJ),a^^D,a,a^--aJ),a,, 
therefore 

a\D,a2 + (— )^a2-D.ai = -D. dxa^i 

a perfect differential. 
Again 

a\DaJ)(iz = -D. a^aJDa^ — Da^ . aJDa^^ 
or 

a^DazDa^ = D, aiazDa^ — D. a^aJDai + aJDcLiDui^ 

whence 

aiDa2Daz + ( - )^ a^Da^Dai = D. axa^Da^ - D.a^aJDax^ 

the right-hand member of which is evidently a perfect diffe- 
rential. The same conclusion may be established for the 
higher cases in a manner precisely similar. 

From this theorem we infer that the condition necessary 
in order that, in general, 

a\Da^Daz . . . Z^a„ 

be a perfect differential, is 

ttnDan-iD . . . Da^Da^ = 0. 

Graves, Fellowship Lectures, 1850. 
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2. If, ?i being odd, the series of functions ^i, ^2, as, &c., 
after the middle function, recur, but in an inverted order ^ the 
theorem admits of an elegant modification, and it is easy to 
show, by the method just employed, that 

a^Da^D ...On... Da^Da^ + (-)"an(-0«ii-i-Dan-2 . . . Da^Da^^ 

is a perfect differential. 

Graves, Fellowship Lectures, 1850. 

3. If the expansion of the operating symbol 

. jDflf 1 Da2 .... DcLn 

CL\Q2€Lz • • • • ^fi 

be represented by 
then wiU 

& ^ (t\ . flj . fls • .... CL^, 

If the coeflScient of D""^ in the expansion of the given operat- 
ing symbol be directly investigated, the truth of this theorem 
will readily appear. This coeflScient is easily found to be the 
aggregate 

Dfli 2Z>aa 3Z>a3 nDan ^ 

ai a% az an 

« 

Hence 

jCn-ida = logfli + 2 logaj + 3 logag + . . . + nlogan, 
and, therefore, 

e ^ fli • a^ • fl'3 • • • . • fl'n* 

Graves, Fellowship Lectures, 1850. 

4. The expansion of the symbolic operator 

Un+lDUnD DU2DU1 
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upon any given subject t?, being given in the form 

it may be required to investigate the character of the coeffi- 
cients Po> -Pi , -P2» &c., and the laws by which they are derived. 
The reader will find no difficulty in seeing that 

Pq = Un+iDUnD DUiDUi . , 

P\ = Uj^iBufJ) . . . DuiUi . + Un+iD .... DtCzthDui . 

+ «^ji+i^ DuiUzDu^Dui . + &c. 

i^2= Un^iDtifJ) ... Du^tiiUi .+ v^iD .,,Du4,UzthDtti • + &c. 



• 



and he will observe that, while P© is simply the result of the 
operation of the given symbolic form on unity. Pi is formed 
from Po by taking the simi of all the terms which may be ob- 
tained by a single omission of the letter D in Pq 5 similarly 
that P2 is formed from P, by taking the sum of all the different 
terms which may be obtained by a single omission of the letter 
D in Pi, and so on. 

Graves, Fellowship Lectures^ 1860. 

5. The expansion of the symbolic operator 

U1DU2D DunDun^i 

upon any given subject r, being given in the form 

let it be required to investigate the character of the coefficients 
Qo» Qii Q2» &c., and to trace the relations, if any, between 
these coefficients and those in the previous article Pq, Pi, 
P2, &c. 

It is evident, from preceding investigations, that 
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Qn-i = — x^n-i 
V»-2 = + -t n-2 



Qo = (-)"Po. 

Gbaves, Fellowship Lectures, 1850. 

6. Hence it appears that, if J? be any given function of ^r, 
the symmetrical symbolic operator 

U1DU2D . . . DUnDUn + 1 jB Wn + 1 Du^D • . . DuJ)Ux 

may be written in the form 

^"{Po- 2>Pi + i>2P2- . . . + (->2)»P„}i2{Po+ Pi2> + P2i>2+ ... +Pi.-Z>»} 

which is easily seen to be reducible to the form 
^0 ^DAJ)^ D'^AJD^ + .... + D^AnD^, 

Graves, Fellowship Lectures, 1850. 

7. The integration of the differential equation of the n^ 
order, 

in which the coefficients -4i, ^2> -^3, &c., are given functions 
of the independent variable, can always be reduced to the in- 
tegration of the same equation, without the right-hand member, 

l>y + AiD^Hi + A^D^'-^u +.... + An^^Du + AnU = 0. (2) 
Let 

where Ui satisfies the second equation, supposed integrated. 
Then, by substitution in the first equation, we get 



^ 



\^x 
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+ 
+ 

or, observing that the aggregate of the terms in the fiitet ver- 
tical row disappears, reversing the order of the rows, and di- 
viding by tti, 

where 

U1B2 = nDui + -4mi 

w . w — 1 
tti-Bs = ' X)*Wi + Ai(n - l)i)Mi + ^2^2 

&c. 

Thus the integration of the equation of the n^ order is reduced 
to the integration of an equation of the same form, but of the 
order (w-1). 

Again, supposing that 

when tfi is a particular solution of the equation at which we 
have just arrived, wanting its second member, we have the 
question reduced to the integration of the equation of the or- 
der (« - 2) 

and finally to the integration of the equation 

Dw + Pw = . 

U1U2 • • • Wfi-i 

Here, supposing that 

s 



i 
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we get, by substitution, 



9 
U\Xl2 • • • ^fi-1 



and, since Un is supposed to give 

Dun + Pun = 0, 
we have 

X 



V 



• 






and, therefore, the integral required is 

LiBBi, Crelle's Journal^ vol. x. 

8. The general integral of the equation with the right- 
hand member (I) may be expressed in terms of the n particular 
integrals of the equation without the right-hand member (2). 

Let f7i, CTg, Z/g, ... Un be the n particular integrals of the 
latter equation, then 

Divide both sides of the equation by Ui and differentiating, 
we eliminate Ci, 



_ « CJ)-j^^ + Csi)^ + . . . + C„i)^. 



Dividing both sides again by the coefficient of C^ and diffe- 
rentiating, we eliminate C2; and by continuing this process we 
finally arrive at 






where 
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r, = z> 



V,^D 






Sua. 
Now the coefficient oi D'u derived from this is evidently 

1 

and dividing by this, in order to make the coefficient of J/'n 
unity, we have 

which must be equivalent to the left-hand member of equa- 
tion (2), or the result of the operator iqpon y must be equal to 
JC, or 

Xcbs 



-^'l^Sl-T^I-l-^ 



9. By a comparison of the last two articles, it is evident 
that the solutions of the successive reduct equations in the first 
article are susceptible of expression in terms of the n particu- 
lar solutions of the equation (2) ; in fact, that 

D — 

* I am indebted for this proof to the ** Treatise on Differential Equations and 
the Calcolos of Finite Differences," \tj the Rev. J. Hymers. Cambridge : 1889. 
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Again, it is obvious that 

UnUn.1 . .. ttjMxJ? — D ••.. D — D — .y ^X% 

or that, as in Algebra, any linear differential equation 

<P{I))y^X 

can be written as a monomial if we can find the particular so- 
lutions of 

<P(D)y = 0. 

The extreme difficulty of applying M. Libri's speculations 
to practice precludes the introduction of examples ; indeed^ 
none have been proposed, so far as I am aware, which are not 
susceptible of solution by easier means. 

10. Let it be proposed to investigate the result of the ope- 
ration of the symbolic form 

when -4„, -4».i, . . . ^oj are ^yen functions of the independent 
variable y and when the subject of the operation is the product 
of two functions u and v. 

It has been shown in the Third Chapter that, i£F(D) be 
any pure algebraic function of J?, such as 

AnD"" + An-iD^'^ + . . . + AiD + Ao9 

where A^ -4„.i, ... -4© are constants, that 

F(P) . Mr = M . F{D)v + ^ . F(P)v + ^ . F'(P)v + &c., 

or, writing this result in an obviously equivalent form, that 

F{D)wF{D)v.u+\Dj,F{D)o.Du + ^n'^F{D)v.D»u 

+ &C. 

Upon reference to the process by which this theorem was 



k 
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established, it will readily be seen by the reader that when 
the quantities A^ An-u ... ^o are no longer supposed con- 
stant, but given functions of the independent variable, 

1 1. ^ 

Similarly, 

1 1 . ^ 

where 

^ = i?M„ + i?»-M„.i + . . . + DAi + Ao. 

Graves, Fellowship Lectures^ 1850. 

11. If TT, p, f>i , |E>2 , . . . pn be symbols of operation, such that, 
u being any subject, 

{irp - pir) . tt = pi . M 

(vpi- pi7r)*u = p2,u 

(7rp2 - P2^) . tt «= ps . w 



(^pii-i - pn-iir) . ze = pn • tt ; 
then will 

/Wp . « = sAt) . « + ^ ./(^) . « + o/"(t) •« + ••• (»•) 

ftf W . « =/(>r)p . u -/'(tt) ^ . u +/'(7r) ft • « " • • • (n.) 
/f TT +-pXu -/(t) . a + 1 £i/'(,r) tt + i :^y^(7r) .«+... (ni.) 

/(t - pi ^).«-/W.«-/(,r)^ . -.« +y*(T) ^ .1 . » - . . . (IT.) 

where, as before, / represents any rational and integer func- 
tion of the quantity exhibited under it. 
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To prove these theorems, we shall write oar data in the 
shape 

vp " pv - pi 

TTpi - piir = p2 

TT/Oj - pzV = ps 



TT/Ofi-l — pn-lTT — pm 

dropping the subject u ; and operating on the first equation 
with TT, we get 

tr^p - TT/Oi + (pi + pTr)iry 
or 

tt'p = pir^ + 2/Oi7r + f>2' 

Similarly, we get 

TT^P = pTT^ + 3pi7r* + 3/»27r + p3y 

and, generally, 

n.w- 1 
7r"/> = p7r" + npiir^'^ + /»2^""* + . . ., 

whence 

/Wp = />/(t) + ^J^rc^r) + ^/» + . . ., 

which, the subject u being written in its place, is the first 
theorem. 

To deduce the second, we have 

pw = wp - pi; 

and operating with each side of this equation upon tt, we have 

pir^ = fr^p - 2irpi + /Oj, 
and, generally, 
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whence 

which, the subject being introduced, is the theorem required. 
In deducing the third theorem, we observe that 

1 1 

IT + -pi =- TT/O, 
P P 

and hence we only require to prove that 
or that 

Now this we can easily do, for 

( 



1 Y 1-. 

- TTD 1 = . ..;....... = - TTOj 



and, in general. 



•^G'^'')=^-^W''5 



and, inserting from the first theorem its value for 

we get the theorem required. 

The fourth theorem admits of deduction with equal sim- 
plicity. 
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(1.) Let 
Then 



Examples. 
DX-XD»X"^p^, 



and therefore 



(2.) Agwiy let 

and eince 

a?^(D)-0(i>)a: = -0'(^)«pi, 

- xj^X^) + ipXD)x - + f (D) - p,, 

&c., 
we get 

-&C.).M. 

DoNKiN, Comb, and Dub. Math. Journal, 1850. 
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CHAPTER X. 

APPLICATION TO THE CALCULUS OF FINITB DIFFBBBNCBS. 

1. It may easily be seen, as the result of equivalent ez- 
panraons, that f(x + h) may be represented by the symbolic 
quantity 

omitting for the present, for the greater facility in writing, the 
suflSx to the symbol D. 
Hence it follows that 

and consequently that 

or, A being the symbol of the Calculus of Finite Differences, 
that 

2. By successive operation we find that 

whence at once the expression for the rfi^ difference of a func- 
tion in terms of the function and its n successive values, 

namely, 

n n.n~\ ^ 

From the equivalence immediately previous to this we may 
obviously deduce the general theorem, 

jP being any algebraic function. 
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3. With regard to the equivalence 

e^ - 1 = A, 

we may observe that, since two ftinctions of the same symbol 
are commutative, and since A is exhibited in a function of D^ 
A and D are commutative. 

From this equivalence, or directly, we derive 

c^ = A + 1, 
whence 

and again we obtain the theorem, converse to the previous, 
by which the vf^ successive function is represented in terms of 
its primitive and its n successive differences, namely, 

It is again obvious that from the equivalence immediately 
previous to this we may deduce the general theorem 

4. From the equivalence 
A^/(^)=/(^+n)-^y(a?+n-l) + !^^^./^^ 

we derive, by supposing a? = 0, the singular theorem 

A»./(0) =/(«) - ^ ./(« - 1) + ^1^ ./(„ _ 2) - &c., 
and, as a particular case, 

A".0». = n»-y.(n- !)"• + " '," » ^ • (« - 2)"' - &c.. 

and as long as m is < n, the left-hand member is equal to zero. 
Similarly firom the equivalence 

f(x + n) =f(ai) + - . £^a) + "•^"~ . A»/(«) + &c. 



k 
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we derive the theorem 

/(«) =/(0) + " . A/(0) + ^1^ . A'/(0) + &c., 

and as a particular case, 

«"» = — — - ' '" . A'* 0"» + &c., 

1 • iS • • , • m 

the previous terms disappearing. 
With regard to the expression 

it may be observed that it is merely a conventional notation 
implying that, after the operation signified by A** has been 
performed upon af^^ we put a: = 0, and take the result. In 
general 

A»./(0) = {A«/W),.o. 

5r As A is expressed in terms of D by the equivalence 

A = c^- 1, 

so D is expressed in terms of A by the equivalence 

i) = log(l + A), 

whence 

2)».w-c = log»(l + A).Wx; 

or, more generally, i^ being any algebraic function, 

F{D).Ux = i^{log(l + A)) .Wa- 
lt may be observed that all the above theorems hold good 
for negative powers, since A"^ is distributive, and D and A are 
commutative. 

6. To develope the n** difference of a function in direct 
powers of the differential coeflScients of the function. 
We know that 

A" = {e^ - 1)", 
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and cjonsequently we may evidently write 

A« = {Ao + All) + A^I> + AJ> + ...}, 

where A^^ Ai^ &c. are to be determined. 

Now it is plain that, as the values of these constants are 
independent of the particular subject operated on, we may se- 
lect such subjects as may serve for their determination. But 
if we suppose each side to operate on a^, and put a; = in the 
result, both sides will vanish as long as m is less than it, and 
when m is equal or greater than n, 

■^m = — = • 

m 
Consequently 

f A«.0»^ A".0»*' ^ , 1 

I n «+l J 

7. Mr. Curtis has successfully investigated the theorems 
in the Calculus of Finite Differences corresponding to those in 
the Differential Calculus discovered by Mr. Hargreave, and 
given in the Third Chapter of this work, namely, 

F{D).uv^u.F{D)v + '^.F{D)v ^^.F\D)v + &c., 

and 

u.F{D)v = F{D).uv-F\D) . ^.v + F"{I)).^.v- &c. 

1 1 • ^ 

The analogaes axe, respectiTely, 

F(,A) .«;.rx=«x.i?r A>;r+^.-P(AKt+ yJj-P"'(A)««j + &c^ 
and 

1 1 • ^ 

8. It is obvious that 

A . a' » (a - 1) . a'. 



i 
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Operate with A a second time, and 

and, by successive operation, 

AP . a* = (a - 1)P . a'. 
Hence, if -P be any algebraic function, we derive the theorem 

or more generally, if C be any constant, 

F{A) . Ca' = F{a - 1) . Ca'. 

9. As this theorem holds as well for inverse fonctions as 
for direct, it is plain that we may at once employ it for the 
solution of the class of equations in Finite Differences, with 
constant coefficients, represented by 

A"Mx + PA"'^ . War + QA"^Wx+ ... + Tur=f(e^i sina?, cosa), 

where P, Q, &c. are constants ; or, the right-hand member 
being reduced to the form of a sum represented by 

where m may be positive or negative, fractional or integer, 
real or imaginary. 

The solution, then, is given by the symbolic form 

u* = SJf -= r + — =-: — r . ; 

' P(^«-l) JP'(A) ' 

and the complete evaluation of this form depends on the nature 
of the roots of 

i^(A) = 0. 

If the roots be all real and unequal, the arbitrary portion of 
the solution is 

Ci(a+ 1)' + Ca(j3-f 1)'+ ^3(7+ 1)' + &c. 
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If there be p roots whose common value is a, the arbitrary 
portion of the solution is 

C\(a + If. aP'' + C;(a + 1)'. a^ + ... + Ca(/3 + l)* + &c. 

Finally, if there be pairs of imasmiary roots, the form of the 
arbitr^ portion of Z^olut^^ 

Examples. 

(1 ) A*. Ux + a*, ti* = cos mx. 
This iS| of course, equivalent to 

A^ Ux + a^ Ux ^^[f^'^ + ^-~^^); 
and consequently the solution is, at once, 

(2) A^ Ux - 2aA .Ux-\-a^Ux=^ sini?iar. 
This, again, is equivalent to 

and the solution is 

10. It will naturally occur to the reader that some cor- 
responding general method of solution should exist for equar- 
tions represented by 

Ux^n + JPUx^n-i + QUx^n.2-^ • • • + TUx^fijE^^ sinOT, COSic). 

Such an equation may obviously be reduced to the symbolic 
form 
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or 

where wi is positive or negative, fractional or integer, real or 
imaginary. 

Now it can be readily proved, as in the previous article, 

that 

i^(e^).Ca^=i^(a).Ca'; 

and, consequently, the symbolic solution of the equation in Fi- 
nite Differences is 

the evaluation of which, as before, depends upon the nature 
of the roots of 

F{;P) = 0. 

It will be sufficient to discuss the case in which all the roots 
are real and imequal, as the remaining cases can then at once 
be written down by the aid of the last article. In this case, 
the form of the arbitrary portion of the solution is 

The relation between this article and the preceding is readily 
seen from the consideration, that the general equation of the 
present article may be written down in the form 

(A+I)".iix+P(A+l)»^Wx+ ... + Tua:^f(f, siuaj, cosa;), 
or 

Examples, 

(1 .) ttx+a + «'• ^x = COS WW?. 

This is equivalent to 
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and the solution is 

(2.) ti-r+a - 2awx+i + €L^Ux = sin?iwr. 

This is equivalent to 

and the solution is 

11. If we operate on both sides of the theorem, given 
in the third article of the Sixth Chapter, with 

we easily find that 

6'f^^-*^^^**V(^,y,&c.)=/(0-KO^+2), ^"K^y + 2), &c.); 
and hence, in general, that 

^0ar2).+ ^y2),+&cy(^^ y^ ^.) ^f { ^1(^0? + Wl), ^-^(^y + m), &C.) 

Thus, the form of/being supposed unknown, and those of * 
and ^ given, the solution of the equation of Finite Differences, 
with constant coeflScients, 

+ 
^{^-i(^aj + J), ^-H^y + b)] 

+ &c. 



>-P, 



is reduced to the solution of the symbolic partial differential 
equation 

which may be written, for brevity, 
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or, by the previous transformation^ given in the chapter cited, 

F{e^^-^n) ;2 = 0. 

Now, if the roots of 

F{p) = 

be all real and unequal, the symbolic solution of this equa- 
tion is 

z = (<?^r^n - w)-! . + {e^^'^n - n)-^ . + &c. 

where tw, w, &c. are the values of the roots. 

But by a previous theorem, given in the first article of the 
Third Chapter, 

Jm being a homogeneous function of the m*^ degree. 

Hence the solution of the symbolic equation, and therefore 
the solution of the equation of finite differences, is, substituting 

for 7W, logTw, 

z = «logm(^^ «") + Wlog„(e^ e*^) + &c., 

where the forms of Wiogm* ^logn? &c« ^re arbitrary, but their de- 
grees given by the suflSxes. 

Finally, introducing the arbitrary constants c, rf, &c., as 
is evidently legitimate, and then substituting their values for 
5 + c, Tj + c?, &c., we get the solution in the form 

z = Wiog«(^% e^y) + wi<^n(^% e^y) + &c. 

If 

F(p) = 

contain pairs of imaginary roots, the solution assumes the form 

Finally, if the same equation contain a equal roots, whose 
common value is 972, the form of the solution is 

z = «iogm(c*'» e*^).(^^ +^2/>-^ + viogmC«% e^y).{^a! +^y)«-»4 &c. 

^ Wiogn(^^ e^^) + &c., 
u 
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where ttiogM* ^m ^^ different arbitrary homogeneous fiinc- 
tions of the same degree. 

12. It is now at once obvious that we are prepared to solve 
such an equation in finite differences as 

A^(ss -^ afP + tti &c.) + J5^(a: + 6, y + 6, &c.) + &c. = 0, 

either as an illustration of the previous article, or indepen- 
dently. Adopting the latter course, it is easy to see that we 
can solve the still higher equation 

'2Afp(x + a, y + a, &c.) ^/(e*, sino;, ^, siny, &c.), 
where we can reduce the right-hand member to the form 

p, qj <&c. being positive or negative, integral or fractional, real 
or ima^ary. 

For, throwing the equation into the form 

F{e^'^^y) i>{x, y, &c.) = S^p.^.&c.^^'*®''*'', 
we have the solution in the form 

the roots of F(^p) = being supposed, the simplest case,' all 
real and imequal. 

It is evident that the solution of the equation in finite dif- 
ferences, in which there is but a single variable, is but a par- 
ticular case of the form now stated. 

Camb, and Bub, Math, Journal^ 1853. 

13. If the equation to be solved be reducible to the type 

where A^, B^ are given functions of a;, we may proceed by a 
method analogous to that exhibited in the opening articles of 
the Fifth Chapter. 



I 
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Thus, operating on both sides of the representative equa- 
tion with 

1 



we get 



1 . 1 p _L_n 

""^ "*■ F{e^) '^'' " F(e^) ^ "*" F(e^) ' 



or 



where the last term is the ordinary complementary Amotion 
upon the supposition that all the roots of 

F{u) = 

are real and unequal, and in which, if any modification should 
arise from the existence of equal or imaginary roots, the ge- 
nerality of the method is not affected. 

Now, dissecting the operator in the left-hand member from 
its subject, and operating with the expansion of its inverse 
upon the right-hand member, we get 

^^''F(^)^'^1\^)^'F(^^''''^'^ 



y = i 



(1- 



+ 
1 . 1 . I 



F(e^) ^^ "*" F(e^)^''F(€^)^'' "" &c.) SCa«' 



the further reduction of which depends upon the particular 
forms of the given functions -4^, JS^.. 

14. As an illustration of this method, let it be proposed 
to solve the well-known linear equation of the first order,. 

Reduced to the symbolic form, this equation becomes 

€ Ux — -^x^j: ^ -^Xi 
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whence 



1 . 



which gives 



+ {solution ofvx^i - Aj-Vx = 0), 
or 

_ r {^x-i + Ax.iBx.2 + -Ax-1 -4ar.2 -Bj,_3 + &c.} 
1 + C/-a.j.-i -^x-2 • • • ■^2-^1 > 

where Ci is an arbitrary constant, or, in the conventional no- 
tation of this calculus. 



w, = P^,., (S-^ + C). 



Example. 

Wx+i - «Wj: = ar~. ■ 

Then 

Ux=[{x-\Y + a{x- 2)» + a'^Ca? - 3)» + &c.) + Ca^ 
The solution of this equation may also be given by 

since we may write the symbolic solution in the form 

a- e" e" - a 

Hence we conclude the equivalence of the two series, 

+ - {a{x - 1)~ + a\x - ly + a\x - 3)« + &c.} 

and 

— {a^ + ^ ^— + ^^ — -^ + &c.}. 



a ^ a a 
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15. If 

(x)m = x(x +1) (a? + 2) ... (^ + m - 1), 

then will 

(a? + 1)to = (a: + 1) (^ + 2) (a? + 3) . . . (a? + m), 

and consequently 

A(a?)TO = m(^ + 1) (a: + 2) . . . (^ + m - 1). 

Therefore 

xA . (ar),„ = m . (a?)™, 

and by successive operation, 

(a?A)P. (a:^) = {m)P. (a?),„. 

Hence the theorem, analogous to that demonstrated in the 
Thn-d Chapter, 

F(xD^) . Am x^ = F(m) . A^ a^, 
that 

F(xA) . An,{ai)m = F(m). ^,„(a?),„, 

where jPis any algebraic function, and Am is any constant. 

This theorem is virtually given by Professor Boole in the 
Memoir before quoted (" Philosophical Transactions," 1844), 
but, for the very elementary demonstration above given I am 
indebted to the Rev. Professor Graves. 

Example. 

a?A(a?A- 1) (a:A-2) . . .(a?A - w+ l).(x)m-m(m-l) (m-2) 

' . . . (m - w + 1) . (x)m9 

and, as a particular case of this, 

a:A(a:A-l) (a:A'-2). ..(a:A-w+l) . (a:)„= 1.2.3... w.(a?)n, 

the analogues of which may be found in the same Chapter to 
which reference has just been made. 
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16. The theorem obtained in the preceding article may be 
applied with advantage to the investigation of the solution of 
such equations in Finite Differences as are represented by 

and in fact such solutions are given by the symbolic form 

1 

When the roots of the equation 

F{x^) = 
are all real and unequal, the evaluated solution required is 

a,b,,..i being the values of the roots^ supposed integers, and 
Ca, Cb, &c. arbitrary constants. 

Example. 

{x^y.Ux - 3(a?A) . Ux + 2.Ux = 0, 
Ux « C2{x)2 + Ci{x\. 

17. It is easily demonstrable that 

irA(a?A - 1) = x{x + 1) A'* = (aj)aAS 
^A(aJA - 1) (irA - 2) = x{x + 1) (a? + 2) A' = (x):,^\ 

&c., 

and generally that 

xA(xA - 1) . . . (a:A - w + 1) = (aj)« A^ 

18. By the employment of this law we are enabled to 
solve, with great ease, all equations in Finite Differences re- 
presented by 

-4(aj)aA». Ux + B(x)p^P. Wj + &c. + T. Ux « 0. 



N 
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In fact, such equations are at once reducible to the form 

AXx^y.Uj, + B{x£if.U;^ + &c. + T.Ujc « 0, 

and their solutions consequently given by the preceding article 
of this Chapter. 

19. Let it be proposed to solve the equation 
This equation is plainly equivalent to 

(6^- - Dy) . U^^y = 0, 

whence 

where is an arbitrary function. 
Similarly, the integral of 

is 

tt,,y = a-(Dy)?f.0(y). 

More generally, let it be proposed to integrate the equation 

^x^n.y-^aDy.U^^n-l,y+ &^J • «^a:+n-2,y + . . . + AZ>J . W^^ ^ = 0. 

This equation is exponible in the shape 

(c»^« + aDy . c^^-i)^* + . . . + A2>J) . w^,y « ; 

consequently the symbolic solution is of the form 

u,^, = (e^> - aDy)-\ {e^^ - ^Dy)'^ . . . (e^« . ^D^)-i. 0, 
or 

«,,, = a^{Dyr.<t,^{y) + ^%DyY.f^^{y) 4 &c., 

where 0^, 0^, &c. are arbitrary functions. 

Now it is important to observe, that this process of inte- 
gration is independent of the nature of the operation Dy^ and 
the same form of integral belongs to 
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or to any form of the equation in which the operator on the 
second term is of a distinct kind from e^*, 

Herschel, Supplement to Translation of Lacroix. 



APPENDIX A. 

(Page 89.) 
On the Calculus of Variations. 

It is shown (Jellett's Caictdus of Variations^ p. 253), that the 
value of z which, for certain assigned limits, renders the double 
integral 

jj(xD„z + yDyZ - zydxdy^ 

a maximum or a minimum, is given by the partial differential 
equation, 

3 
x^JD^z + y'Dlz + 2xyDJ)yZ + — -- {xD^z + yDyZ - -?) = 0, 

the solution of which, if we put 

3 



w = - 



is given by 

where t^n &iid ^ ^® homogeneous functions of the independent 
variables of the given degrees n and unity, but whose forms are 
arbitrary. 

By a method precisely similar, it may be proved that the form 
of the function w which, for certain assigned limits, renders the 
symmetrical multiple integral, containing p independent variables, 

JJJ...(a?2>art^ + y2>yW + ^2),w? + ••• -wY^dxdydz ... 

a maximum or a minimum, is given by the partial differential 
equation 
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a^D'^w + y'D'^w + ^i)> + . . . + 2xyDJ)^w + . . . ^ 



m- 1 



^=0, 



(xDgW + ^i>yM? + zD,w + .., -w) 



the solution of wHicli is, if, as before, we put 



given by 



n = - -, 

m-l 



w -Un + tli, 



where the arbitrary functions merely differ from the previous in 
the number of the independent variables (p) included under them. 



II. 



It is shown (^Calculus of Variations^ p. 262) that the value of z 
which, for certain assigned limits, renders the double integral 



l\y/{D,zy + (Pyzfdxdy = HZdxdy 

a maximum or a minimum, is given by the partial differential 
equation 

Similarly it may be proved that the form of the function w which, 
for certain assigned limits, renders the symmetrical multiple integral 



or 



l\\ . . . y/ {D^wf ^- {Dywy ^ {D^wf + ... dxdydz . .. 

JJJ . . . Wdxdydz . . . 



a maximum or a minimum, is given by the partial differential 
equation 

i>.(^).A(^).A(^).H-... = a 

If there be but three independent variables a;, y^ x;, the advanced 
student will find no difficulty in verifying the following theorem:— « 
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IfS he a closed surface enclosing a contintums masSy the density at 
each point of which is constant, and F the resvUamt attraction ofanex^ 
temal system M' at any dement dm within S, then in order that the 
value of the triple integral 

SlFdm 

taken throughout the space included within S, should he a maximum or 
a minimum^ the distrihution ofM should he such that 

A^ B, C heing the direction cosines of the resultant attraction F. 

It may be easily seen also that, if the surfaces of equilibrium he^ 
longing to the system M' were constructed^ the portions of those surfaces 
which lie within S are the surfaces of minimum superficies amongst aU 
those which can be described through the closed curves in which, respec- 
tively, they intersect S. 

III. 

It is shown {Calculus of Variations, p. 240) that in order that 
the double integral 

JJ/(^» ^. ^y ^*^y ^y^) ^^y 

should be reducible to a single integral, it is necessary and sufficient 
that /should be of the form 

Fi{x, y, z)D,w + F^{x, y, z)DyW - Fj^x, y, £), 
the functions ^i, F^, Fz being connected by the condition 

2),Fi + DyF^ + Ai^s = 0. 
As an example of this theorem it is proved that the double integral 

llfi{xD^z + yDyZ - z)dxdy 

is reducible to a single integral, when fi is an homogeneous function 
in X, y, z, of the order - 3. 

In the same manner it may be proved that, in order that the 
symmetrical multiple integral, containing p independent variables 

\\l • • -/(^^ y» -2, . . . m;, D^w, DyW, D,w, . . .)dxdydz . . . 
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should be reducible one degree, it is necessary and sufficient tbat/* 
should be of the form 

F\{^j y^^y' w)I>,w + Fi{xy tf,z,.,. w)DyW + &c - jP,+i(a?, y^z..w) 

the functions i^i, i^jj, . . . , Fp^i being connected by the condition 

DJF^ + DyF^ + A2^8 + . . . + 2>JPV+i= 0. 

Again, as an example of this theorem, it may be proved that the 
multiple integral 

\\\ •• • fJi'ipcDgW + yD^io + zD^w + .. . - w)dxdydz .• . 

is instantly reducible one degree, when fi is an homogeneous func- 
tion in a?, ^, ^, . . . t£? of the order -(jt? + 1). 

IV. 

As illustrations of the employment of the opening theorem of 
the last article, the reader will accept the following applications to 
the theory of Attractions, which were communicated to the Dublin 
University Philosophical Society, December, 1850, and have been 
since published in the Transactions of that Society. 

It has been shown by Gauss, in his celebrated memoir on At- 
tractions, that 

(1.) For all closed surfaces lying wholly outside, and including a 
given system of masses M a.nj way distributed, 

\Pd(r = const. = AttM, 

P being the component of the resultant attraction at each point of 
the surface, in the direction of the normal, and da the element of the 
surface. 

(2.) For all closed surfaces lying wholly outside and excluding 
the same system of masses, 

\Pda = const, = 0. 

Though these theorems, when taken in combination with others 
given by Gauss, have proved in his hands most fertile, yet in them- 
selves they appear isolated and distinct, unattended by any imme- 
diate result, and unconnected by any general law. 
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They obviously come within the province of the Calculus of 
Variations, and it becomes an interesting matter of inquiry how 
they may be reduced to it. 

Now, «s /3, 7 being the normal angles, 

\Fd<r = J(Xcos a + Jcos P + Zcos 7) day 
or 

IFda = - Jl(XDjs+ TDyZ - Z)dxdy ; 

which evidently fulfils the condition required in order that it may 
be reducible to a single integral, for 

DJC+ DyT+ Dz, = Div-v jyir+Div= 0. 

Hence generally, if Jf be a system of masses, any way distributed, 
and C a closed curve lying wholly outside this system, for all sur- 
faces described through C, and which do not intersect Jf, 

jPdiT = const^ 

this constant having either of two values, according as the series of 
surfaces lies at one side or the other of M. 

To establish this latter point, let us conceive a series of surfaces 
described through the closed curve (7, and progressively approaching 
the system of masses, but not so as to intersect it. Then the only 
legitimate conclusion which we can draw from the results furnished 
by the Calculus of Variations is, according to the principles of this 
Calculus, that 

is the same for all these. Once the series intersects ilf, our conclu- 
sions cease to be valid, and we cannot apply to the class of surfaces, 
which arises from the extension of the series beyond Jf, any results 
at which we may have arrived relative to the series on the side from 
which the development has commenced, for the sequence of the one 
series upon the other is attended by an abrupt change. 

The values of the constants in the theorems given by Gauss are 
easily deducible. 

In the latter case, let us suppose the series of closed surfaces to 
degenerate into a point, which is evidently legitimate, and it follows 
that the constant value of the integral in this case is zero. In the 
former, we may choose for the particular closed surface a sphere 
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with its centre at the centre of gravity of the masses, and its radius 
so large that the masses, so far as they affect the surface of this 
sphere, may be supposed to be condensed into their centrje of gxavity, 
and the constant value of the integral in this case is 

4irM. 

The application of the general principle to a particular case will 
be found to furnish an interesting result. 

If the curve Cheplane^ and its plane do not intersect the system 

Jf, then for all surfaces described through this curve, and which 

neither intersect nor include M^ the constant value of the integral will 

be 

n.2 

where 2 is the area enclosed within the plane curve, and 11 is the 
sum of the normal components of the attractions exercised at each 
point of 2, and applied at its centre of gravity. 

It appears, then, that for all plane curves enclosing the same 
area, the value of the integral for different systems of masses will 
vary as 11, and that for the same value of n, perpendicular at d 
given point to a given plane, the constant value of the integral will 
vary as the area of each curve described in the plane with its centre 
of gravity at the given point. 

V. 

As a second illustration, it may be observed that the condition 

is evidently satisfied, if Fi be independent of a;, F2 of y, and ^3 of z. 
Hence we derive the following general theorem, in which it is sup- 
posed that a, p^ 7 denote the normal angles at any point of a surface, 
(z, bf c the radial, and r the radius vector, i 

For all surfaces passing through the same closed curve the symrne^ 
trical double integral 

\lr^ { cosa .jPi(cos ft, cose) + cos/3.i?'2(cos c, cos a) + cos 7. JF'3(cos a, cos h)) dtr 

taken throughout the extent hounded on each surface by the limiting 
curvCy will be constant, Fi, 2^2 > -^3 being homogeneous Jundions of the 
m** dfgreCy where m may be positive or negative, fractional or integroL 
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And hence again, 

The value of this double integral is the same for all dosed surfaces. 

In the particular case 

llf^ { cos a . sin^a + cos p . sin'ft + cos 7 . sin*c ) dtr^ 

this constant value for all closed surfaces will be found to be zero, 
its value being investigated for the sphere; and in general, if m be a 
positive integer, the value of 

JJr* {cosa.sin***a + cos/3.sin***5 + cos7.8in*"c) c?<t 
for all closed surfaces, is zero. 

VI. 

Let iS be a closed surface enclosing a continuous stratified mass 
ilf, and i^the force of attraction exercised at any element e?m within 
S by an external system M'. It is required to investigate the cha- 
racter of the distribution of Jf, which will render 

IF'^dm, 

taken throughout the space included within S^ a maximum or a 
minimum. Then 

HI { p. yy + (A Vf + (A yf ] pdxdydz = max, or min., 
and V is given by the equation 

or, since M' is wholly external to S, by 

D^V.D^P + DyV.D^p + D,V.D,p = 0; 
or, if i9 be a line in the direction of the force, 

FDsp = 0. 

But in general F is not zero, therefore 

A/> = ; 

or, the direction of the force F must be tangential to the surface 

P = const. 



160 APPENDIX A. 

It is an obvious consequence that surfaces of constant density de- 
scribed in S^ 

p - const, 

are the loci of (he trajectories to the surfaces of equilibrium belonging 
to if', 

F=COfMt, 

which intersect S' 
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(Page 114.) 

On the Quadrature of Surfaces and the Rectification of Curves, 

1. It is well known that there are many plane curves whose 
equations are more easily expressed in polar than in rectangular co- 
ordinates, and for whose rectification we employ the formula 

Of this class are, the Spiral of Archimedes, 

r = a0\ 
the Lituus, 



r» 



-(I)"' 



the Lemniscate, 



the Logarithmic Spiral, 



and the Cardioid, 



r» = a'»cos2^; 



r = cc^; 
r = a{\ -cos^). 



2. I am not aware that any mathematician has attempted to 
trace the surfaces analogous to these; but, for the quadrature of 
such surfaces, when discovered, it is absolutely necessary that we 
should have a general expression in polar co-ordinates for the element 
of any surface. Such an expression is not found in the ordinary 
works upon the Differential and Integral Calculus. In the elabo- 
rate treatise upon this subject by M. L'Abbe Moigno (Paris, 1844, 
tom. ii. p. 235), the expression is investigated by the usual analyti- 
cal method, transformation of co-ordinates, from the well-known 
expression in rectangular co-ordinates, 

ci<r = ^(1 + jp« + grs) dxdy^ 

Y 
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and is given in the following shape, 

A short geometrical deduction of this expression may not be 
unacceptable to the student. 

Let P be any point on the surface. Through the axis OA and 

OF describe a plane, and round 

the axis describe, with the same 

line, a cone. The surface may 

then be supposed to be divided 

into its elements by planes and 

cones consecutive to these re- 

o 

spectively (the planes all passing 

through the axis and the cones round it), half of one such element 
being represented by iPi\ Then, remembering that the planes 
cut the cones orthogonally, we have 

da^Pi. P«'. sin *P«' = P«. P«'. V ( 1 - cos' «P*0> 
whence 

and o' being the points where the sphere described round the origin 
with radius OP intersects the consecutive radii vectores to the points 
«, *'; or 

d<r == V[{r2 8m«0d02 + (2)^r)2 d0«) . {r8 d0« + (2)^r)2 d92}-(2)^r)«e«02.(2)^r)2 <i^a], 

or, finally, 

dc^^[f» sin«d + sm^e{D^rf+{p^rf]rdjed^ 

3. From this expression we may readily derive that for the per- 
pendicular from the origin upon the tangent plane, in pcloar co-ordi- 
nates. In. rectangular co-ordinates it is known to be 

z-px-qy ^ 
but the transformation of this to polar co-ordinates would be trou- 
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blesome and tedious. We may easily derive the required expression 
from the volume of the elementary cone, for 

and, therefore, 

r*sin^ 



P 



y/ {r* sin«^ + sin«^(2>^r)» + {D^rfY 



4. As an example of the application of the formula for the qua- 
drature of surfaces, let us suppose that it is required to investigate 
the quadrature, between given limits, of the surface 

r = me-^cos^. 
Then 

D^r^- merP sin^, D^^r = - me^ cos^; 
therefore, 

da = v^(wV2^ cos'^^sin*^ + f»V**sin*^ + wV** cos*^) rded<t>, 

or 

d(r = m*e"**co8^(?^(?0; 
whence 

2 = m2Je-2^(sin^2 - sin^i)d0. 

Let us suppose the limits to be given by the intersections, with 
the given surface, of the cones 

0^ = a0, 01 = J0, 
and 



J ^2 
e"^(sina0 - sin50)i20. 



an integral which is susceptible of easy reduction, since we know 

that 

_, ,^ ^97isina0 + acosa0 
f^r"*^ sin a© a© = - 6^"^ ; r . 

5. As a second example, let it be proposed to investigate the 
quadrature, within given limits, of the surface 

r = f» COS0 sin^. 
Here 

D^r = m COS0 cos^, D^r = - m sin0 sin^, 
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and 

d<r = w* COS sin'^ dO d(t> ; 
whence 

2 = wi« j^'*(8m02 - 8m0i) sm^ede% 

and, if the limits be given as before, there is no difficulty in deter- 
mining the quadrature completely. 

6. In the treatise upon the " Calculus of Variations," by the 
Bev. Professor Jellett, before quoted, it is shown that the surface 
which, within given limits, renders the double integral, 

or, 7 being the angle made by the radius vector with the axis of z^ 

\\ sin 7 . e^, 

a minimum, is given by the partial differential equation 

<fr - 2pq8 + p^t = 0, 
whose integral is known to be 

xF,{z) + yF^iz) = 1 

representing the gauche surface generated by a right line, which, 
gliding upon two fixed directrices, remains constantly parallel to the 
plane of the axes of x and y\ as indeed might be anticipated from a 
consideration of the question in its second form. 

In the same manner it might be shown that the surface which, 
within given limits, renders the double integral 

a minimum, is given by the equation 

0Fi(r) + eF^(r) = 1. 

If it be proposed to investigate the property of this surface cor- 
responding to the character of the generation of the analogous sur* 
face in rectangular co-ordinates, as the latter character is exhibited 
by the supposition ^s const, so the former property may be inves- 
tigated by the supposition r s: const. Let then the surface be sup- 
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posed to intersect a sphere described round the origin, and let the 
nature of the curve of intersection be examined. If we resolve any 
element into its rectangular components, one such component is 
rdOy and the other rsin^e^0. Let t be the inclination of the element 
to the meridional plane described through its extremity and the 
fixed axis, and it is evident that 

c being the radius of the sphere ; or, the tarigent of Ihe angle ofindi- 
nation of the curve to the meridional plane is proportional to the sine of 
the angle made hy the raditts vector with the aocis, 

7. It may be well here to indicate certain desiderata, the know- 
ledge of which might lead to the discovery of some interesting pro- 
perties of surfaces. 

The measure of curvature at any point of a surface is expressed 
in rectangular co-ordinates by the formula 

1 r<-5* 



^1^2 (l+i>^ + ?*)f 

we have no corresponding expression in polar co-ordinates. Such 
might be discovered by the investigation of the analogue of the 
known formula for plane curves, 

dr 

Again, the sum of the curvatures at any point of a surface is ex- 
pressed by the formula, in rectangular co-ordinates, 

we have no corresponding expression in polar co-ordinates. Other 
desiderata will readily suggest themselves. 

8. With regard to the rectification of curves, it may be useful 
to make a few observations upon a subject which has recently 
attracted much attention among French mathematicians. In the 
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Notes by M. Liouville to his valuable edition of the Application de 
V Analyse d. la Oeometrie of the illustrious Monge, will be found 
(p. 558) the following remarks : — 

" M. Serret a fait usage de certaines variables qu* il avait dejd. 
employees au tome xin. du Journal de Mathematiqnes^ pour resondre 
le probleme suivant : a;, y, ^, «, etant quatre fonctions d'une variable 
independente assujetties a verifier 1* equation 

exprimer sans forme finie et sans aucun signe d'integrationy les va- 
leurs generales de ces fonctions. La solution de ce probleme con- 
duit, par exemple, a trouver des courbes si double courbure qui soient 
a la fois algebriques et rectifiables algebriquement, ou dont Pare 
depende d'une transcendante donnee. Le probleme analogue pour 
les courbes planes depend de Pequation plus simple 

dor* + dSy* = d^, 

et se resout, comme on salt, par les formules 

x= yl/(0)3me + ^'(^)cos^, 
y= ^(0)co8O - Y^'(^)sin^, 

ou la fonction y/t est arbitraire. Les formules de M. Serret pour 
Pequation 

cfar* + (^ + dr» = cfo*, 

sont beaucoup plus compliquees, et, partant, beaucoup moins 
utiles." 

It appears to me that the integration of these equations may be 
effected directly, and with great simplicity, by employing the Cal- 
culus of Quaternions. 

Thus, in the notation of this Calculus, the first equation 

dff^ + df = dsr^ 

is equivalent to 

-(idx+jdyy=^-(dpy, 
or 

idx -k-jdy = dp ; 
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whence 

ix+ji/ = p + a, 

a being an arbitrary vector ; or, between given limits, 

t'(«2 - aji) + j(y% - yi) = />2 - />ii 

an identity, as it ought to be. 
Similarly, the second equation 



is equivalent to 



or 



dte* + %* + cfo* = cfo* 



(idx -hjdy + kdzy = - (dp)\ 
idx + jdy + hdz = dp; 



whence 



ix-{-jy-\- kz = p + a, 
a being an arbitrary vector; or, between given limits, 
tXaJ2 - Xi) +jQ/2-yi) + h(Z2 - Zi) ^P2- pu 
an identity, as it ought to be. 



i 
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Additional Applications to Integration, 

1. Let it be proposed to integrate the equation 

xyDJ)yZ + hxDf^z + ayDyZ + abz = F, 

where F is a function of x and y. 

Gbegory, Examples^ p. 866. 

This equation being thrown into the form 

(a?2>. + a)(yi>y+ft)^ = F, 
its solution is, at once 

and if F be supposed to be of the shape 

the full evaluated solution is (page 42), 

(m + a)(n + b) v^/ ^ v ^ 

More generally, the solution of the equation 

(xD^ + a)(yDy+h)(zD^ + c)...w = 'SA^,^p,g,,,arf/^ZP... 
is 

Am, Htp, &e. 3f*y^^ . . . 



tc;==2 



(m4-;)y;^)cp.-c)../ ^-^(^' ^' ^-^^r^n^ -. ^-^o + &- 



2. Let the equation to be integrated be 

2 



X 



Greqory, Examples, p. 367. 
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Multiplying by o^ and reducing, we get 

or 
whence 

3. Let the equation to be integrated be 

Gregory, Examples^ p. 367. 

Upon reference to page 55 it will be evident that, this equation 
being thrown into the shape 

{xD, - 1) (xD, + 2) ^ - (^ a)'^ = 0, 
its solution is 



z^ — {xD^-X)[<i>{x-\-ay)\-^{x-ay)\\ 



or, in full. 



4. Although the system of equations representing the small mo- 
tions of homogeneous elastic gases (page 77)> 

Uiu = a^D^ip^u + DyV + D^w) 

2)?v = aWyip^u + DyV + Aw) 

jy^w = aW^{D^u + DyV + Aw) 
cannot be integrated generally, particular integrals have been pro- 
posed corresponding to particular cases. 

Thus, in the case of spherical waves going to and from the centre 
whose co-ordinates are a, /3, 7, these equations are satisfied by 

t;=?^{$'(a^-r)+i^Xa< + r)}+?^{<>(a<-r)-.i^((rt + r)| 

z 
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Again, for plane waves moving in the direction of a line which 
makes with the axes of co-ordinates angles X, ft, v, these equations 
are evidently satisfied by 

u = cosX . $(aj cosX + y cos^ + z cosv - at) 
V = cos^ .^(x co9\ + y cos^ + z cos v - at) 
w= cosv ,<P(x cosX + y cob/h + z cosv - at) 

Airy, Tracts^ p. 267. 



THE END. 
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Institution, Liverpool. With 4iO Engravings 
on Steel and 100 Woodcuts. 2yo1s. 4to. 
price £2. 8s. 

Copland. — A Dictionary of Practical 

Medicine: Comprising General Pathology, 
the Nature and Treatment of Diseases, 
Morbid Structures, and the Disorders es- 
pecially incidental to Climates, to Sex, and 
to the different Epochs of Life ; with nume- 
rous approved Formulsd of the Mediohies 
recommended. By Jahes CopiAin>, MJ)., 
Consulting Physician to Queen Charlotte's 
Lying-in Hospital, &c. Vols. L and II. Svo. 
price £3; and Parts X. to XYI. 4s. 6d. each. 

Cresy.— An Encyclopedia of Civil Engi- 
neering, Historical,Theoretical, and PraotioaL 
By Edwabd Cbesy, F.S.A., C.E. lUas- 
trated by upwards of 3,000 Woodcuts, 
explanatory of the Principles, Machinery, 
and Constructions which come under the 
direction of the Civil Engineer. 8to. 
price £3. 13s. 6d. 

The Cricket-Field; or, the Science and 

History of the Game of Cricket. By the 
Author of Principles of Scientific Baiting. 
Second Edition, greatly improved; with 
Plates and Woodcuts. Fcp. Svo. prioe 6s. 
half-bound. 

Lady Cust's Invalid's Book.— The In- 
valid's Own Book : A Collection of Bedpes 
from various Books and various Countrin. 
By the Honourable Lady Oust. Fcp. Svo. 
price 38. 6d. 
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Dale.— The Domestic Litnrgy and Family 

Chaplain, in Two Parts : The First Part 
being Church Services adapted for Domestic 
Ube, "with Prayers for every day of the week, 
selectodexclusiyelyfromtheBook of Common 
Prayer j Part II. comprising an appropriate 
Sermon for every Sunday in the year. By 
the Bev. Thomas Dale, M.A., Canon Resi- 
dentiary of St. Paul's. Second Edition. 
Post 4to. price 21s. cloth ; 31s. 6d. calf ; 
or £2. 10s. morocco. 

c i. 1 C The Family Chaplain, 12s. 
Separately ] ' 

C The Domestic Litvboy, 10s.6d. 

Dalton. ^ History of British Guiana: 

Comprising a Q-eneral Description of the 
Colony, and a Narrative of some of the 
Principal Events from the EarUest Period 
of its Discovery to the Present Time ; with 
an Account of the Chmate, Geology, 
Staple Products, and Natural History. 
By H. G. Dalton, M.D. With Plates, 
Maps, Ac. 2 vols. 8vo. 868. ; or royal 8vo. 
price 528. 6d. 

Davy (Dr. J.) — The Angler and his 

Friend j or. Piscatory Colloquies and Pish- 
ing Excursions. By JoHif Daty, M.D., 
F.R.S., &c. Fop. 8vo. price 6s. 

Delabeche.— The Geological Observer. 

By Sir Henby T. Delabeche, F.R.S., 
Director-G^eral of the Geological Survey of 
the United Kingdom. New Edition ; with 
numerous Woodcuts. 8vo. price 18s. 

Delabeche.— Report on the Geology of 

Cornwall, Devon, and West Somerset. By 
Sir Henby T. Delabeche, F.B.S., Director- 
6(eneral of the Geolo^cal Survey. With 
Maps, Woodcuts, and 12 Plates. 8vo. 
price 14s. 

De la Rive.— A Treatise on Electricity, 

in Theory and Practice. By A. De la Bite, 
Professor in the Academy of Geneva. In 
Two Volumes, with numerous Wood En- 
gravings. Vol. 1. 8vo. price 18s. 

Denmstoun. — Memoirs of Sir Robert 

Strange, Knight, Engraver, Member of 
several Foreign Academies of Design ; and 
of his Brother-in-law, Andrew Lumisden, 
Private Secretary to the Stuart Princes, and 
Author of The Antiquities of Home, "By 
James Dennistoun, of Dennistoun, Author 
of Memoirs of the Bukea of Urbino [3 vols, 
crown 8vo. £2. 8s.] 2 vols, post 8vo. with 
Illustrations, 21s. 

Discipline. By the Author of "Letters 

to my Unknown Friends," &c. Second 
Edition, enlarged. ISmo. price 2s. 6d. 



Eastlake.— Materials for a History of Oil 

Painting. BySirCHABLEsLoCKEASTLAKE, 
E.B.S., F.S.A., President of the Boyal 
Academy. 8vo. price 16s. 

The Eclipse of Faith ; or, a Visit to a 

Beligious Sceptic. Qth Edition. Fcp.Svo. 5s. 

A Defence of The Edipse of Faith, by its 
Author: Being a Rejoinder to Professor 
Newman's Replff : Including a full Exami- 
nation of that Writer's Criticism on the 
Character of Christ ; and a Chapter on the 
Aspects and Pretensions of Modem Deism. 
Second Edition, revised. Post 8vo. 5s. 6d. 

The Englishman's Greek Concordance of 

the New Testament : Being an Attempt at a 
Yerhal Connexion hetween the Ghreek and 
the English Texts ; including a Concordance 
to the Proper Names, with Indexes, Greek- 
English and English-Greek. New Edition, 
wi& a new Index. Boyal 8vo. price 428. 

The Englishman's Hebrew and Chaldee Con- 
cordance of the Old Testament : Being an 
Attempt at a Verbal Connection between 
the Original and the English Translations ; 
with Indexes, a List of the Proper Names 
and their Occurrences, &c. 2 vols, royal 
8vo. £3. 18s. 6d. ; large paper, £4. 14is. 6d. 

Ephemera.— A Handbook of Angling; 

Teaching Fly-fishing, Trolling, Bottom- 
fishing, Salmon-fishing; with the Natural 
History of Biver Fish, and the best modes 
of Catching them. By Efhemesa. Third 
and cheaper Edition, corrected and im- 
proved ; with Woodcuts. Fcp. 8vo. 5s. 

Ephemera.— The Book of the Salmon: Com- 
prising the Theory, Principles, and Prac- 
tice of Fly-fishing for Salmon; Lists of 
good Salmon Flies for every good Biver in 
the Empire ; the Natural History of the 
Salmon, all its known Habits described, and 
the best way of artificially Breeding it ex- 
plained. With numerous coloured Engrav- 
ings. By Efhemeba ; assisted by Ajn>BEW 
Young. Fcp. 8vo. with coloured Plates, 
price 14s. 

W. ErsMne, Esq. — History of India 

under Baber and Humayun, the First Two 
Sovereigns of the House of Taimur. By 
William EBSxnrE, Esq. 2 vols. 8vo. 328. 

Faraday (Professor). — The Subject- 

Matter of Six Lectures on the Non-Metallic 
Elements, deUvered before the Members 
of the Boyal Institution, by Professor 
Fasaday, D.C.L., F.B.S., &c. Arranged by 
permission from the Lecturer's Notes by 
J. SoorrEBN, M.B. Fcp. 8vo. price 5s. 6d. 



8 



NEW WOBES AiTD TSrsW EBmONS 



Forester and Biddolph's Norway iit 

iB4S and 1849 : Containing Bamblcs among 
the Fjelds and Fjords of the Central and 
Western Districts ; and including Bemarks 
on its Political, Military, Ecclesiastical, and 
Soc^l Organisation. With Map, Woodcuts, 
fmid Plates, dvo. Ids. 

V 

FraBcis. — Annals, Anecdotes, and 

Legends: A Chronicle of Life Aisuranco. 
By John Feancis. Post 8vo. 8s. Gd. 

Fwoii. — Chronicles and Charactora of the 
Stock Exchange. By John Fbancib. Kew 
Edition, royisod. 8vo. 10s. 6d. 

bilbart. — Logic for the Million: a 

Familiar Bxposition of the Aft of Boasoning. 
Bj J. W. GiLBABT, F.B.S. 4th Edition ; 
with Portrait of the Author. l2mo. 8s. 6d. 

Gilhart— Logic for the Tonng: consiflting of 
Twenty-five Lessons in the Art of Beaconing. 
Selected from the Looic of Dr. Isaac Watts. 
By J. W. GiLBABT, F.B.S. 12mo. Is. 

Th^ Poetical Works of Olivet Goldsmith. 

ildited by Bolton Coejtet, Esq. Illustrated 
by Wood Engravings, from Designs by 
Members of uie ifitcmng Club.. Square 
crown 8vo. cloth, 2is. ; morocco, £1. 16s. 

Gbsse. — A . Natnraif^'s Spjonrij iit 

ifamaica. By P. H.^ GosdB, Esq. With 
Plates. Post 8vo. price 146. 

Ml. W. ft. Greg's Contributions to The 

Edinburgh Beview. — Essays on Political and 
Social Science. Contributed chiefly to the 
Edinburgh Review, By William B. Geeg. 
2 vols. 8vo. price 24s. 

Guriiey.— Historical Sketches ; illustrat- 
ing some Memorable [Invents and Epochs, 
firom i.D. 1,400 to a.d. 1,546, By the Bev. 
J. Hampden Gubnet, M.A. Fcp. 8vo. 
price 78. 6d. 

Cfurney.— St. Louis and Henry IV.: "Mni^ a 
Second Series of Historical Sketches. 
By the Bev. J. Hampden Gubnet, M.A. 
Fcp. 8vo. 68. 

Gwilt.— AuEncyclopaBdia of Architecture, 

Historical, Theoretical, and Practical. By 
Joseph Gwilt. With more than 1,000 
Wood Engravings, from Designs by J. S. 
Gwilt. Third Edition. 8vo. 428. 

Hamilton. — Discussions in Philosophy 

and Literature, Education -and University 
Beform. Chiefly from the Edinburgh Review ; 
corrected, vindicated, enlarged, in Notes and 
Appendices. By Sir William Hamilton, 
Bart. Second Edition. 8vo. price 21?. 



Bare (Archdeacon).— the. Llib of iiUfHiff, 

in Forty-eight Historical Bn^praytt^ By 
GrsTAV KONia. with Ezploiu^tiohs by 
Archdeacon HabA. Square crown 8to. 

Harrison.— The Light of the Fctfga ; to, 

Counsels drawn firom tlia Siok-Bed qfE.lI. 
By the Bev. W. ^abbibok, M.A.^ I)ome0tic 
Chaplain to H.B.H. the Ductless of tJam- 
bridge. Ecp. 8yo. price 5s. 

Harty Hieover.— Stable Talk and TaUe 

^all^ ; or, Spectacles for Youna Sportsmen. 
By Habby Hieoybb. New Emtion^ i rob. 
8vo. with Portrait, price 248. 

fiarryHiMFTer.— TheHnstiBflr-Iield. SyHiny 
Hieoveb. With Two Plates. Fop. ^. 
68. half-bound. 

Harry Hleotsr.— Praotieftl Horseiiiiuii^p. Bj 
Habby Hieoveb. With 2 Plates. Itp. 
8vo. price 6s. half-bound. 

Harry Hieover.— The St^d, for Fraetieal Pofw 
poses and PractioaT^Men : being a Gtiide 
to the Choice of a Horse ior use more ti^in 
for show. By Habby HisoYBB. WfUi 2 
Plates. Fcp . 8vo. price 68. half-boibid. 

Itarry dlsoyer.— The f oek^ and tUlb Had; or, 
Practical Bints on the Itfanagement of the 
Stable. B^ Habby HiBOviit. Second 
Edition; with Portrait of theAntlidlr. S'fcp. 
8vo. price 6s. half-bound. 

Hassall (Dr.)— Food and its AdiiltilrB- 

tions : Comprising the Beports. of. the At**- 
lyticol Sanita^ Commii^ion of The Zdaeei 
for the Years 1851 to 1854 inclusive, fevised 
and extended. By Abthub HHiIi TT^ga^ iT.T. ^ 
M.D., &c., Chief Analyst of the Coixinuasion; 
Author of The Microscopical Anatomy of the 
Human Body, 8vo. with 159 Woodcuts, 
price 28s. 

Col. Hawker's Instmctions to To'iing 

Sportsmen in all that relates to Guns and 
Shooting, loth Editiop, revised and brought 
down to the Present Time, by the AiitUor^f 
Son, Major P. W. L. Hawkbb. With a 
New Portrait of the Author, from a Bust by 1 
W. Bolmes, Bsg. ; and numerous e:i:plana- ' 
tor}' Plates and Woodcuts. 8vo. 2l8. 

Haydon.— The Life of Beijamin Bobert 

Haydon, Historical Painter, from his Auto- 
biography and Journals. Edited and com- 
piled by To3£ Taylob, M j\.., of the Inner 
Temple, Esq. ; late Fellow of Trinity College, 
Cambridge; and late Professor of the EngJUsh 
Language and Literature in TJniverBity Col- 
lege, London. 3 vols, post 8vo. 31b. 6d. 
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Hs^dii's Book of IHgnities: Co'nttdiqliig 

Bt>lli pf the OSd^I PerBonnces of tbe iPntUh 
SiDttire, .CiT^JEcpIfsiastica!, Judicial, Hili- 
taij, VsTal, and Mimicipal, from the EikrliAat 
Periods to the Prefleat Tinje; Compiled 
ohieflj' from tJne Beoords of the Public 
Offloes. Together irith the SoTereigcs of 
Europe, from the foimdatioii of ih^ re- 
■BMtiTe etnteg I the Feerafte andVobilltyof 
Sreat Britain, atid numerous otbec Lisle. 
Being a New Edition, improved and oonfci- 
aued, of Beataon's Folitloal Index. Sy 
JoBBPH HATsy. 8to. price26B. half-bound. 

ffir Joim HerscbeL— K)iitliii0s of Astio- 
Dom;. By -Bii Joek F. W. BJEiUOHHL, 
Bart. &a. New BditiOQi withPlatea and 
Wood BngTMingB, 8vo. price ISs. 

HOL-Tiaveld in Siberia. B; S. S. ElU, 
Bsq., Authoe of 3)-ani» on tie S*orgi of 
tit Saliio. With' K li^o oolound Kqi of 
futaptaa and Asiatla ^lasit. 2 tols. post 
Bto. pnoe B4s. 

Hinti on Etiilaette and the. Ueages of 

Booietf: With a Glmoe at Bad HaWts. 
New Kdltion, rerised (with Additions) b; a 
Lady of Sftnlt. Pcp.&ro.prioeHalf-a-Orown, 

Lord Edlland's SiemoirB.— MentolrB jof 

the Whig Party during n^ Time, fiy 
HiBBT BiiCHA:yn Lobd Hou>piii. Edited 
b^his^on, E^naTEswAsii LobsSoixaiis. 
vols. I, and II. ^oet 8ro. price 9s. Bd. each. 

ZtpIUiiid.-CbUpt»^ tfiL Uiifial Pb^- 

logy. By ^ Hbkbt Hollibs, Bart., 
X'.K.S., PhyBioian-Bxtroordinary to the 
(Joeenj and Physician in Ordimurto Hii 
Boyal Highness trince Albert, founded" 
chi^y on Chsptera oontsined In Medical 
Sola ofld Bejlectioyu PSro. 18».] by the mae 
Author. 8to. prim 10s. 6d, 

Hook.— The Last Deqts of Oar Lord's 

Ministry: A Course of Lectures on the 
prinoipu Events of FaBsiou Wee&. By 
the Ear. W. P. Hoos, D.D. New Edition. 
Vtsp. Sto. ^rioe 6fl. 

Hooker and AmotL— Tbe BrilaBh Flora ; 



with Additions and Corrections ; and ni 
marous Figures iUnitmtive of tbe Umbetl 
fenms.fl^ts, the Compoai^. Plvits) & 
. (^ffiH. api. liie Perns. By Sir W. J 
Eooxiis, F.BX and L.S., &c., and a. A 
Walkbb-Abmott, IiLJl., E.L.a. jama 
with 18 Plutee, price 14e. ; with (he Plates 
«oloai«d, price 21b, 



riodkar.— Kew (Jaripns ; or^ a ^oppliji 

Gyide to the HojoJ B^tEiiic Gar4cnp of 
Ee)v. Ey Sir WuLIAM JigESOH HoOKKB, 
K.H..,.D'C.L., F.RJi., and, i.S.,,,ao. 4<i. 
Diveotor. , New Edition ; mfi ;iupBrOW 
Wood Engravinga, Ifimo. pric-e Siipeiiee, 

Home'B iptrqdtwtioQ.toij.thp CrUdwl 

study ond^ EnoFlwIge of, the^^y^gfififi- 
turei. .,, i, Wam.Sdition, . NTw^ ixniwtAdi 
ud broHght . dtwn to. tlw Bretmt .timfi, Jby 
T. HftBTww* BonHit B.EL,(tha Adtip) j 
tha Ser. Saucxl Datiiwok^ PJH^ ffffi^o 
UoJTersity p( Hajla, «i)4.]jL.I).i,.^„S. 
Paiou-vx. Tbxbsulm, LLJ)^ .4i>ri>Ie., gro. 
J . .. . .. , - ..: iitii«pwii 

Home.— 4C«tipand^oiii"Ii)b«dDatlotL ta Uls 
Study of the Bible. By the Eer. T. TT.ht. 

of biAJntrodMlffn ta He ^^iiiftf Blmfy atii 
XJvaltdee.. of. M< .fiollL Smff»mr . ■ ^f* 
B^fiont mth Maps and other EngntiuiBB. 
12mo. Ito. 

How to ilnrfe.ai^,(Utiluea:Iiiteiided 

especially as a Satp^tti tha KurscM in. the 

HoBjiital for Sick Children i but containing 
Dii!eo^i(a»:ctfjeT*ice t8.«Hjwb0ilw»,th» 
charge of the Young. Pep. 8to. Is. Bd, 

riovi±i...ci..^-i-li.Ai|-^i»^en£. in 

Moniol), . By Aitnaj IUbt Howm. 2 
rols. post 8to. price 14>. 

Howitt.-The Children's Year. iyMlly 

HowiTT. Witli Pour lUustradons, from 



HttTsitt. — Land, Lpbow, an4 Sri^: 

Two Years in Victoria, with Tl^ts to ^djwy 
and Tan Diemen's Land. By WnHAK 
Howixi. [,In the preii. 

aovltt-TlMt it ilMuailnbb FImmI. Ad 
Etdls, Baitle-Pleldp, and Soaoe* ilhubf^e 
of Striking Pass^et in ^^h HMoit 
aii4 Poetry,.- B j WlUJAM HowiM. .With 
mimeNmB Wood 'BngraTinga. pirtt.ttid' 
Second Series. Medium 8to. Els. each. 

Howtti-The KqmI tdft et BfgitaA. Bj 

WiLLiiM HowiTT. New Bdition, e*r- 
rected and reviBed; with Woodcuts by 
Bewick and Williams. Medium 8to. Sis. 

the Jt«Bl. Life (rf a Coiuitry pttj, .yrittfa 
byhiniself ; eihjbiling all the Ajnusaments, 
Pleaaiu^B, and Purswt? of Children in Uie 
Country, flew Edition ; with 40 Wood- 
cuts. Pep. 8io. price 6b. 
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Hue— The Chinese Empire: A Sequel 

to Huo and Gabet's Journey through Tartary 
and Thibet. By the Abb^ Hue, many years 
MiflaionajT' Apostolic in China. Copyright 
English Edition, translated with the Au- 
thor's sanction. With a coloured Map of 
China. 2 vols. 8vo. 24s. 

Hudson.— Plain Directions for Making 

Wills in Conformity with the Law : with a 
clear Exposition of the Law relating to the 
distribution of Personal Estate in the case 
of Intestacy, two Forms of Wills, and much 
useful information. By J. C. Hudson, Esq., 
late of the Legacy Duty Office, London. 
New and enlarged Edition; including the 
proyisions of the Wills Act Amendment 
Act of 1852. Fcp. Sto. price 2s. 6d. 

Hudson. — The Executor's Guide. By 

J. C. HuDSOV, Esq. New and enlarged 
Edition ; with the Addition of Directions 
for paying Succession Duties on Beal Pro- 
perty under Wills and Intestacies, and a 
. Table for finding the Values of Annuities and 
the Amount of Legacy and Succession Duty 
thereon. Fcp. Sto. price 68. 

Humboldt's Cosmos. Translated, with 

the Author's authority, by Mrs. Sabike. 
Vols. I. and II. 16mo. HaJf-a-Grown each, 
sewed ; 8s. 6d. each, doth : or in post 8yo. 
12s. 6d. each, cbth. Yol. HI. post 8to. 
12s. 6d. cloth : or in 16mo. Fart I. 2s. 6d. 
sewed, 3s. 6d. cloth ; and Part II. 3s. sewed, 
48. cloth. 

*^* Vol. IV. is in the press. 

Humboldt's Aspects of Nature. Translated, 
with the Author's authority, by Mrs. 
SABDns. New Edition. 16mo. price 6s. : 
or in 2 vols. 3s. 6d. each, cloth; 2s. 6d. 
each, sewed. 

Humphreys.— -Sentiments and Similes of 

Shakspeare : A Classified Selection of Similes, 
Definitions, Descriptions, and other remark- 
able Passages in Shakspeare's Plays and 
Poems, "mth on elaborately illuminated 
border in the characteristic style of the 
Elizabethan Period, massive carved covers, 
and other Embellishments, designed and 
executed by H. N. Hitmphbbtb. Square 
post 8vo. price 2l8. 

Hnnt. — Researches on Light in its 

Chemical Belations ; embracing a Con- 
sideration of all the Photographic Processes. 
By EoBEET Hunt, E.E.S., Professor of 
Physics in the Metropolitan School of 
Science. Second Edition, thoroughly re- 
vised; with extensive Additions, a Plate, 
and Woodcuts. 8vo. price IDs. 6d. 



Idle.— Hints on Shooting, Fishing ftc^ 

both on Sea and Land, and ln.the%oah- 
water Lochs of Scotland : Being the Expe- 
riences of Chbisiofhxs IsIiB, Esq. Fop. 
8vo. 5s. 

Jameson. — A Commonplace Book of 

Thoughts, Memories, and Fanciea, Original 
and Selected. Part I. E thics and Character ; 
Part II. Literature and Art. By Vin, 
Jameson. With Etchings and Wood En- 
gravings. Square crown 8vo. prioe IBs. 

Mrs. Jameson. —- Sisters of Charity, 

Catholic and Protestant, Abroad and at 
Home. By Mrs. Jaheson, Author of Saered 
and Legendary Art, Fcp. 8vo. 

[Nearly ready, 

Mrs. Jameson's Legends of the Sainti 

and Martyrs. Forming the First Series oC 
Sacred and Legendary Art, Second Edition ; 
with numerous Woodcuts, and 16 Etohiiigt 
by the Author. Square crown 8vo. price 2&k 

lErs. Jameson's Legends of the '^'v^^^if 
Orders, as represented in the Fine Axis* 
Forming the Second Series of Saered emd 
Legendanf Art, Second Edition, ooneoted 
and enlarged; with 11 Etchings by ~ the 
Author, and 88 Woodcuts. Sqnueorowa 
8vo. price 28s. 

Krs. Jameson's Legends of the VA^n^nn, m 
represented in the Fine Arts. Forming 
the Third Series of Sacred and Legendary 
Art, With 55 Drawings bv the Author, and 
152 Wood Engravings, filquare crown Sro. 
price 28s. 

Lord Jeffrejr's Contributions to The 

Edinburgh Beview. A New Edition, oom- 
plete in One Volume, with a Portrait cm- 
graved by Henry Eobinson, and a Vignette. 
Square crown 8vo. 2l8. cloth ; or 30s. cal£ 

•»• Also a LIBEAEY EDITION, in 3 
vols. 8vo. price 42s. 

Bishop Jeremy Taylor's Entire Works : 

With Life by Bishop Hebeb. Bevised and 
corrected by the Bev. Chasles Pjiox Enxv, 
Fellow of Oriel CoUege, Oxford. Now 
complete in 10 vols., 8vo. lOs. 6d. each. 

uohns and Nicolas.— The Calendar of 

Victory : Being a Becord of British Valuur 
and Conquest by Sea and Land, on Eveiy 
Day in the Year. Projected and oom- 
menced by the late Major Johns, B.M.; 
continued and completed by Lieutenant 
P. H. Nicolas, B.M. Fcp. Sv'o. {Just ready. 
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Johnston.— A New Dictionary of Geo- 

gaphj, Descriptiye, Physical, Statistical, and 
Lstorical: [Forming a complete General 
Gazetteer of the World. By Albxaitdeb 
Keith Johnston, F.B.S.E., F.E.G.S., 
F.G.S., Geographer at Edinburgh in Ordi- 
nary to Her Majesty. In OneYolome of 
l,4io pages; comprising nearly 50,000 
Kames of Places. 870. price 36s. doth | or 
half-bound in russia, 41s. 



Eemble.— The Saxons in England: A 

History of the English Commonwealth till 
the period of the Norman Conquest. By 
John Mitchell Keicblb, M.A.,E.C.P.S., 
&c. 2 Tols. 8to. price 288. 

Sppis's Collection of Hymns and Psalms 

for Public and Private Worship. New 
Edition ; including a New Supplement by 
the Bey. Edicund Kbll, M.A. 18mo. 
price 4s. cloth ; or 4s. 6d. roan. 

Eirby and Spence's Introduction to 

Entomology ; or, Elements of the Natural 
History of Insects : Comprising an account 
of noxious and useful Insects, of their Meta- 
morphoses, Food, Stratagems, Habitations, 
Societies, Motions, Noises, Hybernation, 
Instinct, &o. New Edition. 2 yoIs. Sto. 
with Plates, price Sis. 6d. 

Xirby.—The Lifio of the Bev. William Xirby, 
M.A., Bector of Barham; Author of one 
of the Bridgewater Treatises, and Joint- 
Author of the Introduction to Entomology, 
"Bj the Ber. Johk Fbbemait, M.A., With 
Portrait, Vignette, and Facsimile. 8yo. 
price 15s. 

Laing's (S.) Observations on the Social 

and PoHtical State of Denmark and the 
Duchies of Sleswick and Holstein in 1851 : 
Being the Third Series of Notes of a Traveller. 
8yo. price 12s. 

Laing's (8.) ObseryationB on the Social and 
Political State of the European People in 
1848 and 1849: Being the Second Series 
of Notet of a Traveller, 8yo. price 148. 

» 

%* The Urst Series, in 16mo. price 2b. 6d. 

Dr. Latham on Diseases of the Heart. 

Lectures on Subjects connected with CUnical 
Medicine: Diseases of the Heart. By P.M. 
Latham, M.D., Physician Extraordinary to 
the Queen. New Edition. 2 Yols. 12mo« 
price I69, 



Mrs. B. Lee's Elements of Natural His- 
tory ; or. First Principles of ^oology : Com- 
prising the Principles of Classification, inter- 
spersed with amusing and instructiYe Ac- 
counts of the most remarkable Animals. 
New Edition, enlarged, with numerous addi- 
tional Woodcuts. Fcp. 8yo. price 7s. 6d. 

L. E. L.— The Poetical Works of Letitia 

Elizabeth Landon; comprising the /mjoro- 
vtsairiee^ the Venetian Bracelet, the Golden 
Violet, the Troubadour, and Poetical Bemains. 
New Edition ; with 2 Vignettes by B. Doyle. 
2 Yols. 16mo. lOs. cloth ; morocco, 2l8. 

Letters to my Unknown Friends. By a 

Lady, Author of Letters on Hajpmess, &c. 
Fourth and cheaper Edition. Fcp. 8yo. 
price 5s. 

Letters on Happiness, addressed to a Friend. 
By the Author of Letters to My "Unknown 
"Friends, &c. Fcp. 8yo. price 68. 

Lindley.— The Theory of Horticulture ; 

Or, an Attempt to explain the principal 
Operations of Gardening upon Physiological 
Principles. By John Li2a)LEY, Ph.D. F.B.S. 
New Edition, rcYised and improYed ; with 
Wood EngraYings. 8yo. \In thepress. 

Dr. John Lindley's Introduction to 

Botany. New Edition, with Corrections and 
copious Additions. 2 Yols. 8yo. Yrith Six 
Plates and numerous Woodcuts, price 24s. 

Linwood.— Anthologia OzonienSs, sive 

iElorilegium e lusibus poeticis diYersorum 
Oxoniensium Ghraecis et Latinis decerptum. 
Curante Gulielmo Linwood, MjI. iBdis 
Christi Alummo. 8yo. price 14s. 

Litton.— The Church of Christ, in its 

Idea, Attributes, and Ministry: With a 
particular Beference to the ControYcrsy on 
the Subject between Bomanists and Pro- 
testants. By the BeY. Edwabd Abthub 
Litton, M.A., Vice-Principal of St. Edmund 
Hall, Oxford. 8yo. price 16s. 

Loch.— A Practical Legal Guide for 

Sailors and Merchants during War : Com- 
prising Blockade, Captors, Cartel, Colours, 
Contraband, Droits of Admiralty, Flag 
Share, Freight, Head Money; Joint Capture, 
NeutnJs and Neutral Territory, Prizes, 
Becapture of Property of Ally, Besoue, 
Bight of Yisit and Search, SalYage, Derelict, 
Trading with the Enemy, Orders in CouncU, 
&c.. Prize Act, Proclamation as to Colours. 
With Appendices containing the Orders in 
Council and other Official Documents 
relating to the Present War. By William 
Adam Loch, of the Hon. Society of Lin- 
coln's Inn. 8yo. price Os. 6d. 
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SiE John Hbrschbl, 
SltL Jawss. Macjeikvosu, 
Robert Soi^hby, 
9iii- DAVlb Brewster, 



Thomas iEioHTLST, 

JOKir FOBiBTBHy i I 

Sir Walter Scott, 
Thomas Moorb 



Bishop Thirlwall, 
Tub Rb¥. -Gw >& ^vlsig, 

J. C. L. BB SitMQNDIi 
JoftN PHfLLlPS, F.R.S. 0,S. 



AifD other Sminbnt Writbrb. 



Complete in 133 vols. fcp. 8yo. with Vignette Titles, price, in cloth. Nineteen Guineas. 
Tile Wor](8 iipafiutih in Bets br^Se'ries, price Three Shillings and Sixpence each Volume. 



A LUi of the Works compofing 

r 

1. Bejrs History of Russia. . . . . . ^ Tols. lOs. Qd. 

2.tt^>sLtte8ctfl^ritMi'1^ets..ilvol$.^; ' 

8. Brewster's Optics 1 vol.*- Zi.' 6d. 

4. CkK)ley's Maritime and Inland 

' • ' Discovery !,...;........ '. ! 3 vols. 10s. 6d 

6. Crowe's History of France. ... 8 vols. 10s. 6d. 

6. Be Morgan on i*robabiIities . . 1 vol. 3s. 6d. 

7. Be Sismondi's History of the ' 

Italian Republic's. ... i ..... 1 toI. 38. 6d. 
8,pe aiamondi'rf Fall of t)ie 

* Roman ^Inpire i . . . : . 2 vols. 78. 

9. Donovan's Chemistry 1 Toi> 3s. 6d. 

;0. Donovan's Domestic Kcouomy,a vols. 7a. ' 
ii. ^nham's Spain and Portugal, ^ vols. 17s. 6d. 
12. Ponham'sHistoryof Denmark, ' ' 

Sweden, and Non^ay .\..'. /8 vols. IQs. 6d. 
18. Danbam*s History of Poland. . 1 yoK 38. 6dl 
14. i^unbam^s (Giermanic Empire. . a vols. lOk.id. 
H. Dunham's Europe during the 

•Middle ^f^ ..;...../..... 4 vols. 148. 
10* Pa^am'a writish pfamatist8,a vols. U- 
l1, pymkam^s ' ' liVes ' * of ^arly • • ' 
' 'Writers of*6reat Britain '. . 1 vol. 3s. 6d. 

18. Fergus's Hiatoryoh^e United 

States '. . .'...'..!.. 2 vols. 7s. 

19. f osbruke's Grecian l^)d RomaR ■ " 
- • • Antu|uitiefl . . ,- ■. . .'.-2 vols. 7s. 

20. For8tai''S"Lives of t}}e Statev 
' * ~ men of the Commonwtalth, 5 vols. 178. 6d. 
21.glei9> ^aves of British '|li|i. ' 

* ' tary Commapdars. ......... 3 vols. lOa. ()d. 

22. Grattan's History of th^ ''-^ 

Netherlands . . .t 1 vol. 3s. 6d. 

93. Hentlidw't'BatE&y. ^ . ; . . , i . . . . l tbl; 9s. Bd« 
jif t Hoffo^el'B Astfonoiay;. /y^. ... 1 vol. 8t. 6d. 
9$j^9int\KA'i Dtflcourt^^ on N«-' '' - 
'» tilrrfWi>istfi*y ,..i,.;..,J YOl.8«.6d. 
96. History df Reaie.'. ; . > . < j t. . ; * i $ Tt>}s.HFs. ■ 
9f» History of Btvftzerltnd' / , . . w ^ 1 voh M; 6d. 
984 Holl8iid*8 MantdiKtaree in '■ 

• • -^Tijetal ..;.... ;;;:1.'. v;...i 3 vols. 10b. «d. 
29. JamesHiUvesof Foreign States-'^ ....-■' 
-•• ^ mOa. .♦. .-..;. . i , : i ;< :?. I . .v.. 5 vols. 178. fid. 
80. Kat^rRndlArdner*sMeehanie8^i ydL Ss.etf. 
Mi Hei^tley'sOUtihie80#tIi8t(MT,t vdh Sv. fid. 

82. Lavdner's Arith^tte' t*. ; 1 tol. 8»; iBd. 

•. Lardner*s GeomiBlry 1 vol. 8s. fid. 



the Cabinst Cyclop jbbia : — 

'...I ...... . 

34.Lardneron Heat 1 vol. 38. fid. 

35. Lardner's Hydrostatics and 

Pneumatics 1 vol. 38.6d. 

36, Lardiier and Walker's Blectri- * " ' " *" 

city andtlMCbgn'etism' '...... 2 vols. 78. 

87. MjlctintoAi* Forster, and'^ ' * " '•* 
' ■ • Cotrrtenky's Lfves of British 

Statesmen . . . . .'. ;...!.'.... 7 vols. 24s. fid. 
38. Mackintosh, Wallace,and Bell's 

History of England .10 vols. 35b. 

89. Montgomery * and Shelley's ' "'" '^ 
• " eminfenr Italian, Spatiish; 

iihd'Portugfu^e Authors .3 vols. IQs. fid« 
40. MobYe'6 Hi^ory of Ireland . . 4 vols, fja, 
4^. JTicolas^s Chronology of Hist, 1 voll 38.'^. 
4l Phillips's Treatise on Ghoiogy, ^ vols.' 78. ' 
4l Powell's" History of Natural ' ' "' 

Philosophy . . ^ .^ .....*, 1 vol. 3s, fid. 

44. Porter's Treatise on the Manu- 

' nofacture'df SilK . . . . . . Vi . . I ToL 88. fid. 

45. Porter's Manufactures of Por- 

« c^ain and Glass .......... 1 vol. 8s. fid. 

46. Roscoe*8 British Lawyers .... 1 vbl. 38. Odi 

47. Scott's I^tetory of Sco(Hin<i i . . . ^vois. 7%i 
4a. Shelley's Lives of eminent 

French Authors 2 vols. 7b. 

49. Shuckard and Swainson's Insects, 1 vol. 8s. fid. 
50.Southey's Lives of British 

Admirals . . . . : . . :*. . . . '. . '. . . \^ vols. 17s. fid. 
81. St€*Bing»s Church History.... I voUr. ifi. '^• 

62. Stebbing:'8 ■ HiUory ' bt the " ' " 
'" 'Refonriation ..:...:... ..';^ 2 vols. 7s. 

63. Swainson's Discourse on Na-*^ • '^'' 

tural History 1 vol. 3s. fid. 

(4. Swainson's Natural History fc ' 

Classiftcatiott of Anlmdls . . I vol. 9a« 04. 
$6* Swainson's ltabita& Instincts' 

of Animals ;.....M1 vol.^ fid. 

56. Swainson's JSirds 2 vols. 78. 

67; Swainson's FitfU, Reptiles, &c. 2 voB, lii 

58. Swainson's Quadrupeds 1 vol. Ss. fid. 

59. Swainson's Shells and Shell-fish, 1 vol. 8s. fid. 
40. 8#idnion's 'Aninsids iii Meni^' "* 'V ^ 

^rie» .......... .....;....! vol.aB.fia4 

fil. SwaiAson'lB Taxidenny «nd' ' ' 

BJography 6f Zoologists. . .'. 1 vol. 88. fid. 
fit. ThivhraU'B HisioryBf Oreace. . 8 vols. Sfift. 



pcBimum BIT LOBGJIAH, BBOWN, asj> CK). 



LoTjiper'B (C.) I^etit^ to !i Toqsg X»ster 

iSiimei oa some ^nbJaeU oomieeted. With 
hlaQalHng. N*wB4ibon. Fop.STD. Cs.&i. 

pondo&'s Elelf-liistni^tjon to T^ong 

mi Rinnan ; in Antluii«lio,Sook-beepbg, 



Platming and Mapping, ArcMtectur 
ing, and Xeoraetrical IPio^^tum and ferapec- 
tfre y "VfiVti EaiiilplBa aheWig ttbir a^Hca- 
tioiia ta Sortietlltiffb add AgricMl'nral'J'nr- 
poift; a' Jffodioir,"Pbrtrti^ find WOodCilts. 
8y<kprioe7i.-ed.- ■■■' -'I "■- ■' 

London'a Enoyelopsdia of Qardening; 

comprising the Theory and PractiM'bf B'6r- 
(iciilture, Horiciilture, Arboriculture, and 
XanAteapB Gwrdeoing: InclodiDgr'iliQ the 
latest 'improTBmenta ; a Qeneral Qistoiy of 
gu^ening in ^ PcMiutriea ; a StMiBticaJ 
yiBw of ita J^sant Staler and BuMWtwifl 
g^ its IFutare progrets in tbe Sriwi'I^)^- 
y!i.i\i nianj litmdi»4 >Fi>mJout». Jfew Edi- 
tion, corrected and improted hj ' Urs. 
IiODiiOH. 8to. price 50a. 



_...iBbridged! CoBhtining thaHordy 

TMrt in* Shrubt' Ot Sreat Brttain, Nstrv'o 
ud Foreign, SaJentifieaU}' and Poitularly 
Dascribed J withlhe5*PpopagatJon, (Mture, 
and UBea in the Arts i and withEngraviDgs 
of uM^ ^ t)u Speciea. 'Adapted ^' the 
use of B uraeinmeu, QardenerB, and ip'[uv>>t er^ . 
S^tlialjouta.OOOrt'oodouts. 8vo. price 50s. 

London's ^iic7Clqpxdi| gf A^cnltare; 

COmpnairig'tta Hieory and Practiceof the 
Valuation, Transfer, Lajing-out, ImproTe- 

and of tUe'CuhlratkiBaXidEcoDoiAj'c^ tiic 
AtiiinalBBd'yecetelife Prodoctioni! of Agfi- 
culture; InohidtEig fdl the Irint tuipi&te- 
menta, a g«Kn^ history of AgricultnM' In 
all Countries, a Statistical Tiew of its present 
State, and Suggeationa for ite fiiture progreaa 
id the Brili^Tflles;- Sew EdiWon j with 
r,100 Wod&Qta. "ttrcpritefiOs:' 

London's Eui^clopsdla of Plants, in- 

eluding all which are now found in, or 
have beeax introdnoed into, Qreat Britaiif; 

Bthdr Jlatui^ HietoTi MWOnpanied 
deaoi^ti<iku, en^TMk Qgtua>i and 
uy^efnis.M m^eoatMe Kt>q;iimer, 
who ie a mere ^n^vh reader, to diaoorer 
the name of orery Plant which he may find 
in flower, and accjuire all the infomaUoa 
tsapOoting It whldi is uaeful and intereatuig. 
Herf TTifitiQn,"cohfected throu^but"aiad 
thiinght dottn td'the jear IB^i hf K&a. 
IiOunoK and QeoboK Dok, Esq., FX.S. &o., 



London's Encyclopsdia of Cottage, 

- I'ann,alidTiUaArcliil«ctareandXSinutitre: 
containing numerouft Designs, from ^ TQla 
to the Cottage end the Farm, including Farm 
Houaet, ParineriBB, and other Agttcultoral 
Buildinga; Oonntrf Inns, Pnblio Houses, 
and Parochial 9chooli; with the reqnisito 
Fittings-up, Fixtures, and Furniture, and 
appropriate Offices, Oardena, and Garden 
Scenerj : Each Deaign eccompanied by 
Analjtical and ' Crititlal Bemarkl New 
Edition,editedbyMr«.IiOTn»6N! withmore 
than 2,000 Woodcots, 8vo. price GSa. 

London's Bortua Pritennicus ; flj, Catft- 
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, Esq., F.L.S. &o.. 
lAlRepreu. 



r int^odnied intb Britaon. An 
enlirelySew Edition, fednfetDdthrOri^onti 
With a Supplement; inchiding'all the tfev/ 
Plants, and a Hew Gtenetal Indei to tho 
whole Work. Edited by Mrs. LoDDOlf ; 
aasisted iy W. H. S^ztbs and JpATD 
Woosteb; 8vo. j--^ *"- *= rtn..-D_;.> 

i^LEUttiT i^itratel 

Mrs. Loudon's Amatenr Gardener'B 

Calenaa^i £eiAg a' Kcitithly 6tildj luS"ta 
what abould be avoided aa ' wall aa what 
should be done, in » Gar^eii ™ e*4i Month j 
With pjaln Rides ioifc to'tfi) what bWjdatto ; 
Directions for LByiilg Out Bnd ' inidldiig 
Kitchen and' Flower Gardens, Pleasure 
Grounds, and Shrubbefibt '. and a abort 
Accoont, in each Month, of the Quadrupeds, 
Birds, and Insects then moat Injurious (a 
Oardens. 16ni6. with Woodcuts, price 7B-6dJ 

Low.— A TreatiBQ on the Bomeaticated 

AiunKfisOif the British Islands ; CWWteheftia- 
ingtb* 'Natural and fiflonomical History of 
8pe(iies slid Varieties ; the Description of 
ihePWipoitiesaf eitemalForm; endObser- 
vatiinB on the Prinoiplei and Praetice of 



Low.— Elements of Practical A^colt^ire ; 
'compftliendlnj the CultlrdtiDti of Plants/the 
Hnabandry of the Domeetio Aliiinali, and 
the Economy of th6 Sam(. By D. IiOW, Esq. 
^.E:S.B, Wew Edition ; with 200 fl'oodoHU. 
8to. price 2Ia. 

Uacanlay.— Speeches of the I^ht Hon. 
T. Br. MBOaoky, U.P. Oorriected b^ '^iit- 
utB, 8ro.pnoe'12s. 

Macanlt?. — The History of EpsUnd 

from the Accession of James □. By 
Thouab Babdtqtok MACAimAZ. Kew 
Edition. Vols. I. and U. Sro. prioo 82». 
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NEW WOEKS AHD NEW EDITIONS 



Mr. Macanlay's Critical and Historical 

Ebbajs contributed to The Edinburgh 
Beyiew. Four Editions, as follows :— 

1. A LiBBABY EDITI017 (the Siffhih), in 

8 vols. 8yo. price 36s. 

2. Complete in Okb Volume, with Por- 

trait and Yignette. ^ Square crown 
Syo. price 21s. cloth ; or SOs. calf. 

3. Another New Edition, in 3 yoIs. 

fcp. 8yo. price 21s. 

4. The People's Edition, in 2 vols. 

crown 8to. price 8s. cloth. 

Macanlay.— Lays of Ancient Borne, with 

Ivry and the Armada. By Thoiias 
Babikotok Macaitlay. New Edition. 
16mo. price 4s. 6d. cloth; or lOs. 6d. 
bound in morocco. 

Mr. Macanlay's Lays of Ancient Borne. 

With numerous Illustrations, Original and 
from the Antique, drawn on Wood by 
G^rge Scarf, Jun., and engraved by Samuel 
Williams. New Edition. Fcp. 4to. price 
2l8. boards ; or 42s. bound in morocco. 

Macdonald.— Villa Verocchio; or, the 

Youth of Leonardo da Vinci : A Tale. By 
the late Diana Loitisa Macdonald. 
Fcp. 8vo. price 6s. 

Macintosh. — A Military Tonr in 

European Turkey, the Crimea, and on the 
Eastern Shores of the Black Sea : Including 
Boutes across the Balkan into Bulgaria, 
and Excursions in the Turkish, Bussian, 
and Persian Provinces of the Caucasian 
Bange; with Strategical Observations on 
the Probable Scene of the Operations of the 
Allied Expeditionary Force. By Major- 
Gen. A. F. Macintosh, K.H., F.B.G.S., 
F.G.S. Second Edition, with several Maps. 
Post 8vo. 10s. 6d. 

Sir James Mackintosh's History of Eng- 
land from the Earliest Times to the final 
Establishment of the Beformation. Library 
Edition, revised bj the Author's Son. 2 vols. 
8vo. price 21s. 

Sir James Mackintosh's Miscellaneous 

Works : Including his Contributions to The 
Edinburgh Beview. Complete in One 
Volume ; with Portrait and Vignette. 
Square crown 8vo. price 21s. cloth ; or 30s. 
bound in calf. 

%• Also a NEW EDITION, in 3 vols, 
fcp. 8vo. price 2l9. 



M'Golloch. — A Dictionaiy, Practical, 

GTheoretical, and Historical, of Comineroe 
and Commercial Navigation. Ittiutnited 
with Maps and Plans. ByJ.B.M'CuiJiOCH, 
Esq. New Edition ; and embracing a lam 
mass of new and important Informatiim m 
regard to the Trade, Commercial Law, and 
Navigation of this and other CountiiM. 
8vo. price 50s. cloth ; half-russia, 560. 

M'Culloch.— A Dictionary, Geographical, 

statistical, and Historical, of the Tarioui 
Countries, Places, and principal Natuxal 
Objects in the World. By J. B.M*Cnuu)CH, 
Es^. Illustrated with Six large Maps. New 
Edition,revi8ed; witha Supplement. Sydi. 
8vo. price 63s. 

M'Cnlloch.— An Account, Descriptiiv 

and Statistical, of the British Bhnpin; 
Exhibiting its Extent, Physical C^ixMidtiB^ 
Population, Industrv, and Civil and Kdamom 
Institutions. By J. B. M'CvLLOO^JEiq. 
Fourth Edition, revised ; with an A|ipflndix 
of Tables. 2 vols. 8vo. price 428. 

Maitland.— The Ghnrch in the Cata- 
combs : A Description of the Primitire 
Church of Bome. Illustrated by its Bepol- 
ehral Bemains. By the Bev. Okabijeb 
MAiTiiAin). New Edition ; with many 
Woodcuts. 8vo. price 146. 

Mrs. Marcet's Conversations on Chemis- 
try, in which the Elements of that Soienoe 
are familiarly explained and illustrated bv 
Experiments. New Edition, enlarged nsai. 
improved. 2 vols. fop. 8vo. price 148. 

Mrs. Marcet's Conversations on Natural 

Philosophy, in which the Elements of 
that Science are familiarly explained. New 
Edition, enlarged and corrected; with 28 
Plates. Fcp. 8vo. price lOs. 6d. 

Mrs. Marcet's Conversations on Political 

Economy, in which the Elements of that 
Science are fiEtmiliarly explained. "Neiw 
Edition. Fcp. 8vo. price 7s. 6d. 

Mrs. Marcet's Conversations on Vege- 
table Physiology ; comprehending the Ele- 
ments of Botany, wiu their Application 
to Agriculture. New Edition; with 4 
Plates. Fcp. 8vo. price 98. 

Mrs. Marcet's Conversations on Land 

and Water. New Edition, revised and 
corrected; with a coloured Map, shewing 
the comparative Altitude of Mountains. 
Fcp. 8vo. price Ss. 6d, 
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Hsnyat.— IiIoniitaiiiB and Molehills ; 

or, BeooUeotiona of a Burnt Jounul. By 
FbaBK Habbtai, AuUior of Borneo and tie 
Satttm JreAmeliiifo, With nuiiy lUuatn- 
tions on Wood Hndin Colours from DrawingB 
b; the Autluir. Sto. 21g, 

Ilartineaa.— Chorcb History in Englaod: 

Being a Sketch of the Historj of the Church 
of England from the EarliMt Times to the 
Period of the Refomulion, , By the Ber. 
Abtkub Mabiineac, U.A. 12nio. 63. 

Mannder'E! Biographical TreaBuiy ; con- 
liiting of Memoirs, Sketches, end brief 
notices of aboTS 12,000 Eminent Persons of 
All Ages and Nntjous, from the Earliest 
Period of Historj J forming a new and — 



uid brought down to the close of the year 
1864. Fop. Svo. lOs. doth i bound in roan, 
12b.; calf lettered, ISs. 6d. 

Mannder'B Historical TreaBniy; com- 
prising a General Introduotorf Outline of 
tjniversal History, Ancient and Modem, 
and a 9erie« of separBte Histories of siery 
tnincipal KatioQ that exists ; their Rise, 
Progieas, and Present Ooudition, the Moral 
and Social Charaetef of their reapoetit e in- 
habitants, their Baligion, Manners and Cus* 
tonu, &a, &B. Nov Edition; revised through- 
out, with a new Indei. Fcp. 810. 10s. olothj 
roan, 12a.; calf, 129. 6d. 

Hannder'B Scientific and Literary Trea- 

lury i A new and popular EncyclopBdia of 
Science and the Bellea-Lettres ; including 
all Branches of Science, and evei^ subject 
connected with Literature and A^. Sew 
Edition, fop. Svo. prioe 10s. doth ; hound 
in roan, 12i. ; calf lettered, 129. 6d. 

Uannder's Treasury of Natnral History ; 
Or, a Popular Diotionac; of Animated 
Nahiie : In which the Zoological Character- 
isticB that distinguish the diAereut Cla99e9, 
Genera, and Speoies, are combined with a 
variety of interesting Information illuBtrative 
of the Habits, Instincts, and General Eco- 
nomy of the Animal Kingdom. With 900 
Woodcutg. New Edition. Fcp. Sto. price 
10s. cloth ; roan, 12b. ; calf, 12s. 6d. 

Mannder's TreaBory of Knowledge, and 
Library of Befarenoe. ComprisingBn Eng- 
lish Dictionary and Orammar, on UniTcraal 
Gaiettecr, a ClossicBl Dictionary, a Ctuttuo- 
logy, a Law Dictionary, a Sjnopsia of the 
Peerage, numerons useful Tables, &o. The 
Twentieth Edition, carefully reyiaed and 
corrected throughout ; With some Additions. 
Fcp. Sto. price 10s. oloth ; bound in roan, 
12b. ; calf lettered, 12a. 6d. 



Uayne.— The Idfe of the Czar Nicholas I. 

of Buasia : With a short Account of Bussis 
and the Bossians. BjiSmFiM^TXtit.rxs. 
Post 8to. witli Map, 10b. 6d. 

Meiivale. — - A History of the Romans 

under the Empire. By the Ber. Chablh 
Hbbitub, BJ)., lata Fellow of St. John's 
College, Cambridge. Tola. I. to III. Sto. 
price £2. 2s. 

*,* Vols. IT. and T., comprising .^Kfiu/iM 
and the Claudiaa Caiart, are in the press. 

KeriTale. — The Tall of the ^i*"""'" Bepnhlin 
A Short History of the Last Centuiy of 
the Commonwealth. By the Ber. CsiBlxa 
Mbutais, B.D. ISew Edition. 12mo. 
price 7«<Gd. 

KeilTale.— An Aemnnt of t^ Life and Letters 
of Cicero. Translated from the German of 
Abeken ; and edited by the Ber. Chislsb 
Ubbitali, E.D. 12mo. 9s. Sd. 

Milner.— The Baltic ; Its Gates, Shores, 
and Cities : With a Notice of the White 
Sea. BytheReT.T.MiLVBB,M.A.,F.B.G.S. 
Post 8to. with Map, price lOa. 6d. 

Milner's History of the Chnrch of Christ. 

With Additions by the late Eer. Isiio 
Mqjisb, D.D., r.E.S. A New Edition, 
rerised, with additional Notes by the Eer. 
T, Gbaktkam.B.D. 4 toIs. Sto. price S2b. 

Montgomery.— Uemoirs of the Life and 

Writings of James Montgomery 1 Including 
Selections from his Oorrespondenoe, Bemains 
in Prose and Terse, and ConTersations. By 
Jomr Holland and JaubEtbbxti. With 
Portraits and Vignettes. Vols. L and II. 
poet Sto. price 21b. 

James Montgomery's Poetical Works : 

Colleothe Edition ; with the Author's Auto- 
biographical Prefaces, complete in One 
Tolume ;withPortraitand Vignette. Square 
crown Sto. price lOa. 6d. oloth; morocco, 
21s. — Or, in 4 Tois. (cp. Sto. with Portrait, 
and 7 other Plates, price 11a. 

James Montgomery's Original Hymns 

for Public, Social, and Priiate Derotion, 
ISmo. price 6s. 6d. 

A Month in the Camp bofore Sebas- 

topol. By a Kok-Coubataht. Fourth 
Edition, Post Sto. 5b. 

Moore. — Man and his Motives. By 
Gbobob Moobb, M.D., Member of the 
Boyal College of Physicians. Third and 
cheeper Edition. Fcp. Sto. price 6s. 
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Moore.— the Power of tie Soul over the 

Bodj, considered in relation to Health and 
Morals. By G^EOniaE Moobe, M.B., Member 
of the Royal College of Physicians. lifih 
and cheaper Edition, Fcp. 8vo. price 6s. 

itdore.— The iif» of the Body in nation to the 
Mind. By GEOBChE Moobe, M.I>. Member 
of the B-oyal College of Physicians. Tidrd 
and cheaper Edition, Fcp. Svo. 6s. 

Moore. — Health, Pisease, and Bemedy, fiuni- 
liarly and practically considered in a few of 
their relations to the Blood. By Geobqe 
Moobe, M.D. Post 8yo. 7s. 6d. 

ifibore.— Memoirs, Journal, and Corre- 

spondenoe of Thomas Moore. Edited by 
the Bight Hon. Lobd Job:n Ettssell, M.P. 
With Portraits and Vignette Illustrations. 
Vols. I. to VI. post 8vo. price IDs. 6d. each. 

Thomas Moore's Poetioal Works. Con- 
taining the Author's recent Introduction 
and Notes. Complete in One Volume ; with 
9 Portrait, and a View of Sloperton Cottage. 
Mec|ium 8to. price 21s. cloth ; morocco, 4^. 
•^Or in 10 voU. fcp« 8vo. with Portrait, 
and 19 Plates, price 35s. 

Moore's Irish Melodies. Illustrated by 

B. Maiclise, I&.A. l^ew Edition i with 161 
l)esigns, and the whole of the Lette^ress 
engraved on Steel, by ^, P. Becter. S\iper- 
royal 8yo. 31s. 6d. boards ; £2. 12s. 6d. 
morocco, by Hayday. 

]^oore'« IricOi Aeilodlei. Hew Edition, printed 
in Diamonql Type; with the Pr^oe and 
Votes from the coUeetiye edition of Moor^s 
Poetical Works, the Advertisements originally 
pErefixed to the Melodies, and a Portrait of 
the Author. 32mo. 2s. 6d.— An Edition 
in 16mo. with Vignette, 5s.; or 128. 6d. 
morocco by Hayday. 

Moore's Lalla Bookh: An Oriental 

Bomance. With 13 highly.flnished Steel 
Plates from Designs by Corbould, Meadows, 
and Stephanoff, engraved under the super- 
intendence of the late Charles Heath. New 
Edition. Square crown 8vo. price 15s. 
cloth ; morocco, 28s. 

f 

Koore'8 LaUa Bookh. Kew Edition, printed 
in Diamond Type; with the Preface and 
Notes from the collective edition of Maoris 
Poetical JForks, and a Frontispiece from a 
Design by Kenny Meadows. 32mo. 2s. 6d. 
— ^An Edition in 16mo. with Vignette, 5s. ; 
or 12s. 6d. morocco by Hayday. 

Moore. — Songs, BaUads, and Saored Songs. 
By Thomas MooBB, Author oi Lalla Rookh, 
&c. First collected Edition, with Vignette 
by E. Doyle. 16mo. price 5s. cloth; 
12s. 6d. bound in morocco. 



Moseley.— The Mechkiiical fitiifi^j^ 6f 

Engineering and Architectate. "Bf the Sev. 
H. MoBBiET, M.A., F.B.S.i TrofeBsor of 
Natural Philosophy and Aetgrynonit .in 
King's College, London. Kew Bmtion, 
revised ; with Woodcuts. 8vo. 

[Nearly ready, 

Mure.—A Critical History of tha Lan- 
guage and Literature of Ancient -Gbeeoe. 
By WiiiiiiAH AtTTBBy M.P. of CaldwelL 
Second Edition. Vols. I. to m. 8yo. price 
86s.— Vol. IV. price 16s. 

Murraj's fincycIoti^Gd^ of Oec)^^; 

Comprising a complete l)9^ic^tion .qI ^ 
l^arth : Ei;hibiting '^ Belafaon tci die 
Heavenly. Bodies, its P^sioiJ S^arvLctura tte 
I^atiirfil Histozy of each Countrj»,i»ia..4v 
Indu3try, Commerce, .f plitioal Inetiii^tiQpi, 
and Civil and Social ^tate, ot All IfaijooB. 
Second Edition ; with 8^ Maps, and apwazds 
of 1,000 other Woodcuts. Bvo. prioe GOb. 

Neale.— " Bisen from .the Ranka ;*' . or, 

€k)nduct tMr#iM Caste. By the Bev. EssmnB 
Nkais, M.A., Siector of Kirton, Snflblk. 
Ecp. 8vo. price 6b. 



Neaie.— Tlie iaclie^t^ti)rjinffAc^ 

Bv.'the Bev^.ilBSKiNB Heaii^I^UL, J^eotor 
of Kirton, SuflEblk. Fcp. 8vo. prioe 6s. 



- r. 



Neale.— The Earthly Resting FlaceB of 

the Just. By the Bey. Efisznni ]!9'itA£R, 
M.A. Bector of Kirtozi, Suffolk. B'cp. ^o. 
with Woodcuts, price ts. 

Neale.— The . Closing Scene; or, Chris- 
tianity and Infidelity contrasted in the Last 
Hours of Bonarkable Persons. S;^ the 
Bev. Ebbkinb Neaub, M.A., Bectcr of 
Kirt<m, Suffolk, l^ew Editions of the First 
and Second Series. 2 vols. fcp. Svo. price 
12s. ; or separately, 6s. each. 

Newman. — Dlscotir^es addj!essed ,^ 

Mixe4 Congregationa. By Jom . ^^RVinr 
Newmajst, Priest of the Onitory of St. Philip 
Neri. Second Edition. 8vo. price 128. 

Oldacre.— The Last pi the Old S(]fii^. 

A Sketch. By Cedeio Oldac^, ^30^ of 
9ax - Normanbury, eon^etime of Cwat 
Church, Oxon. Crown 8vo. price 98. 6d. 

Oldmixon.— Gleanings from Piccadilly to 

Pera. By J. W. Oldmixok, Commander 
R.N. With Illustrations printed in Colonn. 
Post 8vo. price IDs. 6d. 
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Opie (Mrs.)— Memorials of the Life of 

Amelia Opie, selected and arranged from 
her Letters, Diaries, and other Manuscripts. 
By Cecilia Lucy Bbightwell. Second 
Edition ; with Portrait. 8to. price 10s. 6d. 



Osbom.— A Narrative of the Discovery 

of the North- West Passage. By H.M.S. 
Investigator, Capt. R. M*Cltjeb. Edited by 
Commander Shebabd Osbobn (Author of 
Stray Leaves from au Arctic Journal), from 
the Logs, Journals, and Private Letters of 
Capt. B>. M'Clure ; and illustrated from 
Sketches taken by Commander S. Gumey 
Cresswell. Post 8vo. [Just ready. 

Owen. — Lectures on the Comparative 

Anatomy and Physiology of the Invertebrate 
Animals, delivered at the Koyal College of 
Surgeons. By Riohaed Owen, E.R.S., 
Hunterian Professor to the College. New 
Edition, corrected. 8vo. with Wood En- 
gravings. [/« the press. 

Professor Owen's Lectures on the Com- 
parative Anatomy and Physiology of the 
Vertebrate Animals, delivered at the Royal 
College of Surgeons in 1844) and 184)6. With 
numerous Woodcuts. Vol. 1. 8vo. price 14s. 

The Complete Works of Blaise Pascal. 

Translated from the French, with Memoir, 
Introductions to the various Works, Edito- 
rial Notes, and Appendices, by GEOBaE 
Peaboe, Esq. 3 vols, post 8vo. with Por- 
trait, 25s. 6d. 

VOIi. 1. PASCAIi*S PROVIlVCIAIi IiBT- 

ters : with M. ViUemain's Eaaay on Pascal preflz«d,and a new 
Memoir. Post 8vo. Portrait, 8s. 6d. 

YOIi. 9. PASCAIi'S THOUGHTS OIV Re- 
ligion and Evidences of Christianitr, with Additions, from 
Original MSS. : from M. Fang^re's Edition. Post bvo. Ss. 6d. 

VOIi. 8. PA8CAI<*S ]iIlS€;EI<I<AlirBOi;S 

Writings, Correspondence, Detached Thoughts, Ac. : firom M. 
Fangire's Edition. Post bro. 8s. 8d. * 



Paton.— The Bulgarian, the Turk, and 

the German. By A. A. .Paton, Author of 
Servia, or a Residence hi- Belgrade, "The 
Modem Syrians," &c. Post 8to. 6s. 

Dr. Pereira's Lectures on Polaiised 

Light, together with a Lecture on the 
Microscope, deHvered before the Pharma- 
ceutical Society of Ghreat Britain, and at the 
Medical School of the London Hospital. 
2d Edition, greatly enlarged from Materials 
left by the Author, by the Bev. Baden 
Powell, M.A., &c. Pep, 8vo. with Wood- 
cutSyTs. . 



Dr. Pereira's Elements of Materia 

Medica and Therapeutics. Third Edition, 
enlarged and improved from the Author's 
Materials, by A. S. Tatlok, M.D. and 
G. O. Bees, M.D. : With numerous Wood- 
cuts. Vo1.I.8to.28s.; Vol. n. Part L 17s. j 
Vol. IL Part II. 24s. 

Dr. Pereira's Treatise on Food and Diet: With 
Observations on the Dietetical Begimen 
suited for Disordered States of the Digestive 
Organs ; and an Account of the Dietaries of 
some of the principal Metropolitan and other 
Establishments for Paupers, Lunatics, Cri- 
minals, Children, the Sick, &c. 8vo. 16s. 

Peschers Elements of Physics. Trans- 
lated from the German, with Notes, by 
E. West. With Diagrams and Woodcuts. 
3 vols. fcp. 8vo. 2l8. , 

Phillips.— A Guide to Geology. By John 

PhiUips, M.A. F.R.S. F.G.S., Deputy Header 
in Gteology in the University of Oxford; 
Honorary Member of the Imperial Academy 
of Sciences of Moscow, &c. Fourth Edition, 
corrected to the Present Time; with 4 
Plates. Fcp. 8vo. price 5s. 

PhiUips. — Eignires and Descriptions of the 
Palaeozoic Fossils of Cornwall, Devon, and 
West Somerset ; observed in the course 
of the Ordnance Geological Survey of that 
District. By John Phillips, F.B.S. F.G.S. 
&c. 8vo. with 60 Plates, price 9s. 

Phillips's Elementary Introduction to 

Mineralogy. A New Edition, with extensive 
Alterations and Additions, by H. J. Bbooee, 
F.R.S., F.G.S. ; and W. H. Millbe, M.A., 
F.G.S., Professor of Mineralogy in the 
University of Cambridge. With numerous 
Wood Engravings. Post 8vo. price 18s. 

Piscator.— The Choice and Cookery of 

Fish: A Practical Treatise. Fcp. 8vo. 5s. 6d. 

Captain Portlock's Report on the Geology 

of the County of Londonderry, and of Parts 
of Tyrone and Fermanagh, examined and 
described under the Authority of the Master- 
General and Board of Ordnance. 8vo. with 
48 Plates, price 24s. 

Powell.— The Unity of Worlds and the 

Philosophy of Creation. By the Rev. Baden 
Powell, M.A., V.P.R.S., &c., Savilian Pro- 
fessor of Geometry in the University of 
Oxford. Crown 8vo. \Jmt ready. 

Power's Sketches in New Zealand, with 

Pen and Pencil. From a Journal kept in 
that Country, from July 1846 to June 1848. 
With Pktes and Woodcuts. Post 8vo. 12::. 

D 
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NEW WOBKS Aim K£W EDITIONS 



Pulman's Vade-mecum of Fly-Fishing 

for Trout ; being a complete Practical Trea- 
tise OD that Branch of tbe Art of Angling ; 
with plain and copious Instructiona lor the 
Manu&cture of Artificial Flies. Third 
Edition, with Woodcuts. Fcp. Svo. price 6s. 

Fycroft's Conrse of English Beading, 

adapted to every Taste and Capacity : With 
Literary Anecdotes. New and cheaper 
Edition. Fcp. 8yo. price 5s. 

Dr. Beece's Medical Guide ; for the Use 

of the Clergy, Heads of Families, Schools, 
and Junior Medical Practitioners: Com- 
prising a complete Modem Dispensatory, 
and a i'ractioal Treatise on the distinguishing 
Symptoms, Causes, Preyention, Cure and 
Palliation of the Diseases incident to the 
Human Frame. With the latest J>iscoyeries 
in the different departments of the Healing 
Art, Materia Medica, &o. Seyenteenth 
Edition, corrected and enlarged by the 
Autnor's Son, Dr. H. Bebce, M.B.C.S. &o. 
8yo. pnoe 12s. 

Bich's Illustrated Companion to the 

Latin Dictionary and Ghreek Ijexicon : Form- 
ing a Glossary of all the Words representing 
Tisible Objecta connected with the Arts, 
Manufactures, and Eyery-day Life of the 
Ancients. With Woodcut Kepresentations 
of nearly 2,000 Objects firom the Antique. 
Post Svo. price 21s. 

Sir J. Bichardson's Journal of a Boat 

Yoyage through Rupert's Land and the 
Arctic Sea, in Search of the Discovery Ships 
under Command of Sir John Franklin. With 
an Appendix on the Physical G^gr^^y of 
North America ; a Map, Plates, and Wood- 
outs. 2 vols. 8yo. price 31s. 6d. 

Bichardson (Captain).— Horsemanship ; 

or, the Art of Biding and Managing a Horse, 
adapted to the Q-ui£mce of Ladies and Gen- 
tlemen on the Bead and in the Field : >With 
InstructionsforBreaking-in Colts and.Young 
Horses. By Captain Biohabdson, late of 
the 4th Light Dragoons. With 5 Line 
Engrayings. Square crown Svo. price 14s. 

Biddle's Complete Latin-English and 

English-Latin Dictionary, for the use of 
CoSeges and Schools^ New and cheaper 
Edition^ revised and corrected. Svo. 21s. 

( The Englid^Latin Dictionary, 7s. 

I The Latin-ifehglish Dictionary ,15s. . 

■ 

Biddle's Diamond Latin-English Dic- 
tionary : A Q-uide to the Meaning, Quality, 
and right Accentuation of Latin Qaesic^ 
Words. Boyal 32mo. price 4s. 



Biddle's Copious and Critical Latin- 

Eng^lifth Lezioon, founded on the Gtonnan- 
Latm Dictionaries of Dr. William SVeond. 
ifi^ew and cfieaper Edition. Poet 4to. 31i. 6d. 

Bivers's Bose-Amatenr's Guide ; contain- 
ing ample Descriptions of all the fine leading 
varieties of Boses, regulariy classed in thair 
respective Families; their History aod 
mode of Culture. Fifth Edition, corrected 
and improved ; including a full Account of 
the Author's experience in the Culture of 
Boses in Pots. Fcp. Svo. price 3s. 6d. 

Dr. £. Bobinson's Greek and Eni^iflh 

Lexicon to the Ghreek Testament. A New 
Edition, revised and in great port re- vzittM. 
Svo. price 18s. 

Boby.— Bemains, Legendary aad Voe- 

tical, of John Boby, Author <^ Tr€uiiiiom ff 
LaneoMhire, With a Sketch of hia Liftemiy 
Life and Character by his Widow. Pofi 
Svo. with Portrait, lOs. 6d. 

Henry Bogers's Essays selected ftom 

Contributions to the Edinhurffh BewUm^ 
Second and cheapfir'Edidon^ with A<?ditii!Wtt 
8 yols. fcp. 8yo. 21s. 

Henry Bogers's Additional Essays firom 

the Edinburgh Review^ printed Tuufbrmly 
with the Fir*t Ediiiony and forming % Xkud 
Volume. Svo. lOs. 6d. 

Dr. Boget's Thesaunis of English Words 

and Phrases Classified and arranged so m to 
facilitate the Expression of Ideas and aaaist 
in Literary Composition. Third BditioBt 
revised and improyed; and printed in a 
more convenient form. Crown Svo. 10a. 6d. 

Bowton's Debater : A Series of complete 

Debates, Outlines of Debates, and Queationa 
for Discussion ; with ample Befierenisea 
to the best Sources of Information on 
each particular Topic. New Edition. Fcp. 
Svo. price 6s. 

Letters of Bachel Lady BosselL A New 

Edition, including several unpubliahed Let- 
ters, together' yS^ those edited by "M*!— 
Bebsy. With Portraits, Yignettea. mnd 
Facsimile. 2 yols. post Svo. price 15b. 

The Life of William Lord BusaelL 9y 

the Bight Hon. Lord Johv Bussbli., ICJ?. 
The Fourth Edition, complete in One 
Volume ; with a. Portrait engrayed on Stad 
by S. Bellin, fixxm the original by Sir Bote 
Lely at Wobum Abbey. Post 8yo. 10k. 04. 
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St. John (the Hon. F,) -— Bambles in 

Search of Sport, in Gennany, France, Italy, 
and Eus8ia. By the Honourable Fsbdiitakd 
ST John. With Four coloured Plates. 
Post 8vo. price 9s. 6d. 

St. John (H.)— The Indian Archipelago ; 

Its History and Present State^ By Hobace 
ST JoHK, Author of The Briiisk ConquetUin 
ItuUa^ &c. 2 vols, post 8to. price 21s. 

The Saints our Example. By the Author 

of Letters to My Unknown Friends^ &c. Fcp. 
Bvo. price Ts. 

Sohmitz.— History of Greece, from the 

Barliest Times to the Taking of Corinth by 
the Komans, B.C. 146, mainly based upon 
Bishop Thirlwall's History of Greece. By 
Dr. Leonhabd Sobmitz, F.B.S.E., Bector 
of the High School of Edinburgh. New 
Edition. 12mo. price 7«. Si. 

• 

Scrivenor.— History of the Iron Trade, 

from the Earliest Records to the Present 
Period. By Habbt Sobivbkob, Author of 
The Railways of the United Kingdom. New 
Edition, reyised and corrected. 8vo. IDs. 6d. 

Sir Edward Seaward's Narrative of his 

Shipwreck, and consequent Discovery of 
certain Islands in the Caribbean Sea. 
Third Edition. 2 vols, post 8to. 21b.— An 
ABBiDGtMEifT, in 16mo. price 2s. 6d. 

The Sermon in the Mount. Printed by 

C. Whittingham, imiformly with the Thumb 
Bible ; bound and clasped. 64mo. price 
Eighteenpence. 

Self-Denial the Preparation for Easter. 

By the Author of Letters to my Unknoton 
Fiiends^ &c. Fcp. 8vo. price 2s. 6d. 

Sharp^s New British Gazetteer, or Topo- 
graphical Dictionary of the British Islands 
and Narrow Seas : Comprising concise De- 
scriptions of about Sixty Thousand Places, 
Seats, Natural Features, and Objects of Note, 
founded on the best Authorities ; full Par- 
ticulars of the Boundaries, Begistered Elec- 
tors, &c. of the Parliamentary Boroughs ; 
with a reference imder every name to the 
Sheet of the Ordnance Survey, as far as com* 
pleted ; and an Appendix, containing a 
General Yiew of the Kesources of the United 
Kingdom, a Short Chronology, and an 
Abstract of certain llesults id the last 
Census. 2 vols. 8vo. price £2. 16s. 

Sewell. — Amy Herbert. By a Lady. 

Edited by the Ber* William Sbwbll, jb.D. 
Fellow hsA Ti^W of Exetei^ CoUdge, Oxford. 
New Edition,' Fcp. 8vo. pHce 6s. 



Sewell.— The Earl's Daughter. By the 

Author of Amy Herberi. Edited by the Eer. 
W. Sewell, B.D. 2 vols. fcp. 8vo. 98. 

Sewell. — Gertrude : A Tale. By the 

Author of Amy Herberi, Edited by the Ber. 
W. Sewell, B.D. New Edition. Fcp. 
^\o, price Gs. 

Sewell.— Lcuieton Parsonage : A Tale for 

Children, on the Practical Use of a portion 
of the Church Catechism. By tlie Author 
of Amy Herbert, Edited by the Rev. W. 
Sewell, B.D. New Edition. 8 vols. fop. 
8vo. price 16s. 

Sewell. — Margaret Percival. By the 

Author of Amy Herbert. Edited by the Rev. 
W. Sewell, B.D. New Edition. 2 vols. 
fop. 8vo. price 12s. 

By the same Author^ 

Katharine Ashton. New Edition. 2 vols. 

fcp. 8vo. price I2s. 

The Experience of Life. New Edition. 

Fcp. 8vo. price 7s. 6d. 

Readings for a Month preparatory to 

Confirmation : Compiled fK>m the Works of 
Writers of the Early and of the English 
Church. Fcp. 8vo. price 5s. 6d. 

Readings fbr Every Day in Lent : Com- 
piled from the Writings of Bishop Jebsmt 
Taylob. Fcp. 8vo. price Ss. 



The Family Shakspeare; in which 

nothing is added to the Originlil Teit ; but 
those words and expressions are omitted 
which cannot with propriety be read aloud. 
By T. Bowdleb, Esq. F.R.S. New Edition, 
in Volumes for the Pocket ; with 36 Wood 
Engravmgs, from Designs by Smirke, 
Howard, and other Artists. 6 vols. fcp. 8vo. 
price 30b. 

%* A LiBBABT Editiok, With the same 
illustrations, in 1 vol. medium 8vo. price 21s. 

Short Whist; Its Bise, Progress, and 

Laws : With Observations to make any one a 
Wliist Player. Containing also the Laws of 
Piquet, Cassino, Ecart^, Cribbage, Back- 
gammon. By Mf^'or A. New Edition ; to 
which are added, Precepts for Tyros, by 
Mrs. B. Fcp. 8vo. Ss. ♦ 

Shortland. — Traditions and Supersti- 
tions of the New Zealanders ; with Illustra- 
tions of their Manners and Customs. By 
E»WABD Shoetlanp, M.A, Fcp. 8vo, 6s. 



NEW WORKS AND NEW EDITIONS 



Sinclair. — The' Journey of Life. By 

Cathesiitb SnrOLAiB, Author of The Busi- 
ness cf Life [2 vols. fcp. 8vo. 10s.] New Edit, 
corrected and enlarged. Fcp. 8yo. 5s. 

Sir Roger De Coverley. From The Spec- 
tator. With Notes and Illustrations, by 
W. Henet Wills ; and 12 Wood Engrav- 
ings from Designs bj E. Tayleb. Second 
and cheaper Edition. Crown 8yo. 10s. 6d. ; 
or 2ls. in morocco by Hayday. — ^An Edition 
without Woodcuts, in 16mo. price Is. 

Smee*s Elements of Electro-Metallurgy. 

Third Edition, revibcd, corrected, and con- 
siderably enlarged; with Electrotypes and 
numerous Woodcuts. Post 8vo. price 10s. 6d. 

Smith's Sacred Annals.— Sacred Annals : 

Vol. III. The Gtentile Nations; or, The 
Histoiy and Religion of the E^ptians, 
Assyrians, Babylonians, Medes, Persians, 
Greeks, and Romans, collected from ancient 
authors and Holy Scripture, and including 
the recent discoveries in Egyptian, Persian, 
and Assyrian Inscriptions : Forming a com- 
plete connection of Sacred and Profane His- 
tory, and shewing the Fulfilment of Sacred 
Prophecy. By Geoege Smith, F.A.S. &c. 
In Two Parts, crown 8vo. price 12s. 

By the same Author^ 

Sa,cred Annals: Yol. I. The Patriarchal Agei; 
or, Eesearches into the History and Be- 
Hgion of Mankind, from the Creation of 
the World to the Death of Isaac. Crown 
8vo. 10s. 

Sacred Axuials : Yol. U. The Hebrew People ; 
or, The History and Keligion of the 
Israelites, from the Origin of the Nation to 
the Time of Christ. In two Parts, crowa 
8vo. price 12s. 



A Memoir of the Rev. Sydney Smith. 

By his Daughter, Lady Holland. With 
a Selection from his Letters, Edited by 
Mrs. Austin. 2 vols. 8vo. [In the press. 

The Rev. Sydney Smith's Miscellaneous 

Works : Including his Contributions to The 
Edinburgh Review. Three Editions : — 

1. A LiBBABY Edition (the Fourth), in 

3 vols. 8vo. with Portrait, 36s. 

2. Complete in One Volume, with Por- 

trait and Vignette. Square crown 
Svo. price 21;:. cloth J or 30s. calf. 

3. Another New Edition, in 3 vols. fcp. 

8vo. price 21s. 



The Bev. Sydney Smith's Elementary 

Sketches of Moral Philosophy, daliyered at 
the Koyal Institution in the Years 1804, 
1805, and 1806. Third and cheaper Edition. 
Fcp. 8vo. 78. 

Robert Southey's Gom|Aete Poetical 

Works ; containing all the Author^s last In- 
troductions and Notes. Complete in One 
Voliune,withPortraitandVignette. Medium 
8vo. price 21s. cloth ; 42s. bound in morocco. 
Or in 10 vols. fop. 8vo. with Portrait and 
19 Plates, price 358. 

Select Works of the British Poets ; from 

Chaucer to Lovelace, inclusive. With 
Biographical Sketches by the late HOBIBT 
SouTHSY. Medium 8vo. price SOa. 

Southey's The Doctor ftc. Complete in 

One Volume. Edited by the Bev. J. W. 
Wabtee, B.D. With Portrait, Vignette, 
Bust, and coloured Plate. New Edition. 
Square crown 8vo. price 2l8. 

Southey's Commonplace Books. Compzinii^ 
1. Choice Passages: With Corectiona for 
the History of Manners and Literature in 
England; 2. Special Collections on varions 
Historical and Theological Subjects ; 8. Ana- 
lytical Beadings in various branchee of 
Literature ; and 4. Original Memoranda, 
Literary and Miscellaneous. Edited by 
the Bev. J. W. Wabteb, B.D. 4 Tole. 
square crown 8vo. price £3. IBs. 

Each Commonplaet Book, complete in itself, maj b« bad trpft> 
rately as follows :— 

FiMT Sbubs— CHOICE PASSAGES, &c. 18e. 
Sbcoxd SxBisa— special COLLECTIONS. Ifs. 
Third Series-ANALTTICaL READINGS. 21e. 
FoDA-i'H SzBiBB— ORIGINAL MEMORANDA, ftc. 218. 

The Life and Correspondence of the late 

Robert Southey. Edited by his Son, the 
Bev. C. C. SouTHBr, M.A., Yicar of 
Ardleigh. With Portraits, and Landscape 
Illustrations. 6 vols, post 8vo. price 688. 

Southey's Life of Wesley ; and Rise and 

Progress of Methodism. New Edition, with 
!Notes and A.dditions. Edited by the Bev. 
C. C. Southey, M.A. 2 vols. Syg. with 
2 Portraits, price 28s. 

Stephen.— Lectures on the Higtoiy of 

Erance. By the Bight Hon. Sir Jahxs 
Stephen, K.O.B. LL,D. Professor of Modem 
Historv in the University of Cambridge. 
Second Edition. 2 vols. 8yo. price 24:8. 

Stephen.~Essays in Ecctosiastical Bio- 
graphy ; from The Edinburgh Beview. Br 
the Bight Hon. Sir Jamss Sxiphbk, KCB. 
LL.D. Third Edition. 2 fols. Svo. 24s. 
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Stonehenge.— The Greyhound: Being a 

Treatise on the Art of Breeding, Brearing, 
and Training Greyhounds for Public Run- 
ning ; their Diseases and Treatment : Con- 
taining also, Rules for the Management of 
Coursing Meetings, and for the Decision of 
Courses. By Stonshenge. With numerous 
Portraits of Greyhounds, &c. engraved on 
Wood, and a Frontispiece engraved on 
Steel. Square crown 8vo. price 21s. 

Stow.— The Training System, the Moral 

Training School, and the Normal Seminary 
for preparing School-Trainers and Go- 
vernesses. By David Stow, Esq., Honorary 
Secretary to the Glasgow Normal Free 
Seminary. Tenth Edition; with Plates and 
Woodcuts. Post 8vo. price Gs. 

Dr. Sutherland's Journal of a Voyage in 

Baffin's Bay and Barrow's Straits, in the 
Years 1850 and 1851, performed by H.M. 
Ships Lady Frank/in and Sophia, under the 
command of Mr. W. Penny, in search of 
the Crews of H.M. Ships Erebtis and Terror. 
With Charts and Illustrations. 2 vols. 
post Svo. price 27s. 

Tate.— On the Strength of Materials; 

Containing various onginal and useful For- 
mulie, specially applied to Tubular Bridges, 
Wrought Iron and Cast Iron Beams, &c. 
By Thomas Tate,F.R. A.S. Svo. price 5s. 6d. 

Taylor.— Loyola : And Jesuitism in its 

Rudiments. By Isaac Tatlob. Post Svo. 
with Medallion, price 10s. 6d. 

Taylor.— Wesley and Methodism. By 

Isaac Tatlob. Post Svo. with a Portrait, 
price lOs. 6d. 

Tegoborski.— Commentaries on the Pro- 
ductive Forces of Bussia. By L. De 
Tegk)bobsei, Privy-Councillor ana Member 
of the Council of the Russian Empire. 
2 vols. Svo. [Vol, L nearly ready, 

Theologia Germanica : Which setteth 

forth many fair lineaments of Divine Truth, 
and saith very lofty and lovely things touch- 
ing a Perfect Life. Translated by Susanna 
WilTKWOBTH. With a Preface by the 
Bev. Chablbs Kingsley ; and a Letter by 
ClievalierBuNSEN. 2d Edition, Fcp.8vo.58. 

Thirlwall.— The History of Greece. By 

the Bight Bev. the Lobd Bishop of St. 
David's (the Bev. Connop Thirlwall). An 
improved Library Edition ; with Maps. 8 
ToU. Svo. price £3. 

%• Also, an Edition in 8 vols. fop. Svo. 
with Vignette Titles, price 28s. 



Thhrty Years of Foreign Policy: A 

BListory of the Secretaryships of the Earl 
of Aberdeen and Yiscoimt Palmerston. By 
the Author of The Bight Hon. Benjamin 
Disraeliy M.P.i- a Literary and Folitical Bio* 
grajjhy, Svo. 12s. 

Thomson (the Kev. W.)— The Atoning 

Work of Christ, reviewed in relation to sOme 
current Theories ; in Eight Bampton Lec- 
tures, with numerous Notes. By the Bev. 
W. Thomson, M.A., Fellow and Tutor of 
Queen*s College, Oxford. Svo. 8s. 

Thomson (The Bev. W.) — An Outline of the 
Laws of Thought : Being a Treatise on 
Pure and Applied Logic. By the Bev. W. 
Thomson, M.A. Tlurd Edition, enlarged. 
Fop. 8vo. price 7s. 6d. 

Thomson's Tables of Interest, at Three, 

Four, Four-and-a-Half, and Five per Cent., 
from 6ne Pound to Ten Thousand, and from 
1 to 365 Days, in a regular progression of 
single Days ; with Interest at all the above 
Bates, m>m One to Twelve Months, and 
from One to Ten Years. Also, numerous 
other Tables of Exchanges, Time, and Dis- 
counts. New Edition. 12mo. price 8s. 

Thomson's Seasons. Edited by Bolton 

CoBNEY, Esq. Illustrated with 77 fine 
Wood Engravings from Designs by Mem- 
bers of the Etching Club. Square crown Svo. 
21s. cloth ; or, 36s. bound in morocco. 

The Thumb Bible ; or, Verbum Sempi- 

temum. By J. Taylob. Being an Epi- 
tome of the Old and New Testaments in 
English Yerse. Beprinted from the Edition 
of 1693 ; bound and clasped. 64!mo. Is. 6d. 

Townsend.— The Lives of Twelve Emi- 
nent Judges of the Last and of the Present 
Century. By W. C. Tov^tnsend, Esq., M. A., 
Q.C. 2 vols. Svo. price 28s. 

Townsend.— Modem State Trials revised 

and illustrated with Essays and Notes. By 
W. C. TowNSBNP, Esq. M.A. Q.C. 2 vols. 
Svo. price 30s. 

Trollope.—The Warden. By Anthony 

Tbollopb. Post Svo. lOs. 6d. ^ 

«* Mr. Trollope'* tale shews him to possess a very bappjr vein 
in the description of English domestic life and manners. The 
hint of its subject appears to have been taken ttqm certain reve- 
lations as to the present condition and management of our cha- 
ritable institutions, which has awakened no shght degree of public 
interest..... The characters are admirably portrayed, and there 
are sketches conceived and drawn in a true spirit of comic satiic* 
humorous and pungent without bitterness or venom." 
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THE TRAVELLER'S LIBRARY, 

IN COimSE OF PUBLICATION IN YOLUKES FBIOB BALF-A-C&OWN SAOR t 

Comprising books of valuable information and acknowledged meriti in a 
form adapted for reading while Travelling, and also of a character that 
will render them worthy of preservation. 



',^ X.** %'\y^'\*v'' v^/VvX *• 



Lisi of 39 YoLiTMBS already publiihed. 

Vol. 1. Mr. MACAULAY's ESSAYS on WARREN HASTINGS and LORD CUTE .,., W 
2. ESSAYS on PITT and CHATHAM, RANKE and GLADSTONE . . . : t/t 

3. LAING'8 RESIDENCE in NORWAY W 

4. IDA PFEIFFER's LADY'i VOYAGE ROUND tbe WORLD H/tt 

.-). EOTHEN.or TRACES of TRAVEL from the EAST a/« 

6. Mr. MACAULAY's ESSAYS on ADDISON, WALPOLE, and LORD BACON. . . . ^ 

7. HUC's TRAVELS in TARTARY, THIBET, and CHINA S/B 

8. THOMAS HOLCROFT'8 MEMOIRS 1ft 

9. WERNE's AFRICAN WANDERINGS 1/t 

10. MRS. JAMESON'a SKETCHES in CANADA 1/% 

11. JERRMANN's PICTURES from ST. PETERSBURG V6 

12. THE REV. G. R. GLEIG's LEIPSIC CAMPAIGN VB 

13. HUGHES'i AUSTRALIAN COLONIES VB 

H. SIR EDWARD SEAWARD*8 SHIPWRECK t/t 

1 J. ALEXANDRE DUMAS' MEMOIRS of a MAITRE D'ARMES ift 

10. OUR COAL FIELDS and OUR COAL PITS VB 

17. MCCULLOCH'S LONDON ; and GIR0NIERE»8 PHILIPPINES %/t 

18. SIR ROGER DE COVERLEY ; and SOUTHEY's LOVE STORY %f9 

(LORD CARLISLE'S LECTURES and ADDRESSES; and| 

^^■(^ JEFFREY'S ESSAYS on SWIFT and RICHARDSON J V* 

20. HOPE'S BIBLE in BRITTANY, and CHASE in BRITTANY a/» 

il. THE ELECTRIC TELEGRAPH; and NATURAL HISTORY of CREATION .. VB 

22. IMEMOIR of the DUKE of WELLINGTON ; LIFE of MARSHAL TURENNE. . yt 

23. TURKEY and CHRISTENDOM ; & RANKE's FERDINAND and MAXIMILIAN, VV 
f BARROW'S CONTINENTAL TOUR ; and 1 

^•{FERGUSON'S SWISS MEN and SWISS MOUNTAINS J ^ 

JSOUVESTRE's ATTIC PHILOSOPHER in PARIS, and^ 

I WORKING MAN'S CONFESSIONS.... I ^ 



25. 



31. 



DR. KEMP'S INDICATIONS of INSTINCT J ''^ 

28. LANMAN's ADVENTURES in the WILDS of NORTH AMERICA %l^ 

29. RUSSIA. By the MARQUIS DE CUSTINE z/^ 

30. SELECTIONS from the Rev. SYDNEY SMITH'S WRITINGS, Vol. I J/6 

BODENSTEDT and WAGNER'S SCHAMYL; and) 

M'CULLOCH'S RUSSIA and TURKEY ) V^ 

.12. LAING'S NOTES of a TRAVELLER, First Series 2/C 

33. DURRIEU'S MOROCCO ; and an ESSAY on MORMONISM ^ 

34. RAMBLES in ICELAND, by PLINY MILES S/6 

:i5. SELECTIONS from the Rev. SYDNEY SMITH'S WRPriNGS, Vol. II '. V6 

(HAY WARD'S ESSAYS on CHESTERFIELD and SELWYN; and) 

' • \ MISS MAYNE'S ARCTIC VOYAGES and DISCOVERIES J *^ 

a:. CORNWALL : its MINES, MINERS, and SCENERY j/^ 

S8. DE FOE and CHURCHILL. By JOHN FORSTER, Esq om 

39. GRRGOROVIUS'S CORSICA, translated by RUSSELL MARTINEAU, MJkV!. y% 
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THE TRAVELLER'S LIBRARY, 

In course of publication in FAETS price One 
Shilling each : Comprising boolEftof yaluable 
information and acknowledged merit, in a 
foma aaapied for reading while TraTelling, 
and also ot a character that will render them 
worthy of pzeseryation. 



List of SI TXB.TB already pttUahed:-^ 

1 . .Mr. Macanlay'a Essay on Warren Hastings. 

2.. M n LovdClive. 

3..Loo(k)& te tha years 18S0 aad 1851. Bj J. R. 
M'Cnlloch, Esq. 

4 . . Sir RoKer Oe Cowfej. From the Spectator. 

5. .Mr, Maeanlay's Two Esaays oa WUKmi Pitt and tlie 
Eaii of Chatham. 

6 7. .Laing's Rcsidanee in Norway. 

8. .Mr. Macanlay's Essays on Ranke and Gladstone. 

9^10. . Nft FMflbr's Lady's Voyage round the World. 

11— 13. .SDChe»» 0* Taaeea of TVttvrt from tile Ent 

18. .Ml. Maeanlky'* Eaaays on. Addiaota and Walpole. 
14— U. . Hnis'B Trmalo in Tartary, Thihtt, and China. 
16— 17. .Thomaa Holcieft'a Mamoin. 

18. . The Earl of Carlisle's Leetaiw and Addtaases. 
19—20. . Weme*B African Wanderings. 
21-22. .Mrs. Jameson'a Sketcbea in Canada. 

2»..BritteByan4«UBibla. By I. Hope. 

24,.l!h« Natnral.History of Creatioiu By. Dr. L. Ksmp, 

2§. ."Sltp Maumlay's Ksaay on Lord Bacon. 

26. .TheEleatrtc Telegraph, etb. By 1>. O. Wilson. 
27—28. . Jerrmann's Pietnres from St. Petarsbnrg. 
29— SO.. The Rev. O. R. Gleig's Leipsic Campaign. 

U..MaaMir oCtha Dtthe of WolUngton. 
32— 93..The Anstralian Coloniea. By William Hughea, F.R.G.S. 
3i— W. . Sir Bdwavd Seawards If arratire Abrtdg^. 

36; Jioid Jaffita^ BasaiyB on Swill and Richardson. 

37. .BMhii'a ftiriinnd I. aad Ma^jmiHMi IL 
38— 89. .MlpaMisa^ft Mattse-dlAnina. Bjr Alenandra Damas. 

40. .Byron and the CoaunDrsmatiots. By T. B. Maeafolay. 

41. .MaxahalT«)tenBe. By the Btt. T. O. Cockayne, M. A. 
42—13. .Oar Coal Fields and Coal Pits. 

44. .Barrow's Tour on the Continent in MDCCCLII. 

45. . Swiss Men and Swiss Mountains. By R. Ferguson. 

4ft. .GIcMH*e'a.Pbili|ipine Islanda.. 

47 . JEuAfT*^ Christe n d to si 

48 . . Ganfesaiotts of a Woridngt Man. By Emile Sotwraatre. 

49. . Tttt CItaae in Brittany. By I. Hope. 

00^. .nifr fiove Story from Southey's Doctor. 

9t. .An Atti»Fhileoepher in Paris. By E. Souvestre. 

53.. Mr. Macanlay's Speeches (m Parliamentary Reform. 

63. .The Russians of the South. By Shirley Brooks. 

54.. .ladAoationaef Inatiaet; By Dr. Lindley Kemp. 
a5— M. .Lanman'a Adventures in the Wilds of North America. 
J7-sa6a..De'OMtiBe'8 Russia. 

60. . Dur*ieu[f» Iforocco. 
61— 63.. Selections from Sydney Smith's Writings. 

63» . SdtamyVtha QiielWttof the Caueasna* 

64.. Busai*and Turkey. ByJ. R. M'CnUoehyBsq. 
65— 66..Laing;aII«teaof aTravdler, First Series. 

67..Mormoni8m. 
68— 69. .Rambtea In, I\:eland. 

70..Cheale>Aald and 8e(wyn. 
71—72. . Saiectiomama Sydney Smith's^ Writings. Tol. I!. 

73. .Arctic Voyages and DiscoTerioa* 
74 — ^75. . Cornwall : its MiuM, Miners, and Scener 
76—77 . . De Feraod Chwdhill. By John Forste- 

76. .Francis Arago's Autobiography. 
79-60-81. .GregoroTius'a Corsica. 



Sharon Turner's Sacred History of the 

World, attempted to he Philosophically 
considered, in a Series of Letters to a Son. 
New Edition, edited hy the Author's Son, 
the Ber. S. Trramm. 3 vols, post 8yo. 
price 31s. 6d. 

Sharon Turner's History of England 

during tha Middle Ages: Comprising the 
Beigns from the Normou ConquMt to the 
Accession of Henry YIIL ' fmh Edition, 
revised by tha Ber. S. Tubkxb. 4 vols. 
8vo. price 50ft. 

Sharon Turner's Hi&tory of the Anf^o- 

Saxons, from the Earliest Period to the 
Norman Conquest. The Seventh Edition, 
revised by the Bev. B. Titskes. 8 yob. 
8vo. price 36s. 

Dr. Tnrton's Manual of the Land and 

Eresh-water Shells of the British Islands. 
A New Edition, with considerable Additions 
by John Edward Q^bax : With Woodcuts, 
and 12 coloured Plates. Post 8vo. price 15s« 



Dr. Ure's Dictionary of Arts, Manofac* 

tares, and Mines : Containing a clear Expo- 
sition of their Principles and Practice. 
Fourth Edition, much enlarged ; with aU 
the Information comprised in the Supplement 
of Recent Improvements brought down to 
the Present Time and incorporated : Most 
of the Articles being entirely re-written, 
and many new Articles now first added. 
With nearly 1,600 Woodcuts. 2 vols. 8vo. 
price 60s, 

Vehse.'— Memoirs of the Court, Aris- 
tocracy, and Diplomacy of Austria. By 
Br. E. YiHSB. Translated from the German 
by Fbakz Dekhijeb. [In the press, 

Waterton.— Essays on Natural History, 

chiefly Ornithology. By 0. Watbbtow, Esq. 
With an Autobiography of the Author, and 
Tiews of Walton Hall. New and cheaper 
Edition. 2 vols. fcp. 8vo. price 10s. 

Separately J Vol. I. (First Series), 5s. 6d. 
Yol. U. (Second Series), 4s. 6d. 

Alaric Watts's Lyrics of the Heart, and 

other Poems. With 41 highly-finished 
line Engravings, executed expressly for the 
work by the most eminent Painters and 
Engravers. Square crown 8vo. price 31s. 6d. 
boards, or 458. bound in morocco ; Proof 
Impressions, 63s. boards. 
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Wathen. — The Golden Colony: or, 

Tictoria in 1854; with Bemarks on the 
Geology of the Oiold Fields of Australia. 
By G. H. Wathbk. Illustrated with Wood 
Engravings from Sketches by the Author. 
Crown 8vo. Ss. 6d, 

Webster and Parkes's Encyclopedia of 

Domestic Economy ; Comprbing such sub- 
jects as are most immediate^ connected with 
Housekeeping: As, The Construction of 
Domestic Ecufioes, with the modes of Warm- 
ing, Ventilating, and Lighting them — A de- 
scription of the various icicles of Furniture, 
with the nature of their Materials — Duties of 
Servants, &c. New Edition; with nearly 
1,000 Woodcuts. 8vo. price SOs. 

West. — Lectures on the Diseases of 

Infancy and Cliildhood. By Chables West, 
M.D., Physician to the Hospital for Sick 
Children; Physician- Accoucheur to, and 
Lecturer on Midwifery at, St. Bartholomew's 
Hospital. Third Edition, revised and en- 
larged. 8vo. 14s. 

Wheeler (H. M.)— A Popular Harmony 

of the Bible, Historically and Chronologically 
arranged. By Heksx M. Whbeleb, Author 
of Hebrew for Adults, &c. Fcp. 8vo. Ss. 

Wheeler.— The Geography of Herodotus 

Developed, Explained, and Illustrated irom 
Modem Besearches and Discoveries. By 
J. Taibots Whbbleb, F.B.G.S. With 
Maps and Plans. 8vo. price 18s. 

White.— Charles Random ; or, Lunatics 

at Large. By Thomas White. 3 vols. 
post 8vo. 31s. 6d. 

Whitelocke.— A Journal of the Swedish 

Embassy in the Years 1653 and 1654, im- 
partially written by tlie Ambassador, 
BuLSTBODE Whitelocke ; and first pub- 
lished from the original MS. by Dr. C. 
MoBTON, F.S.A., Librarian of tlie British 
Museum. A New Edition, revised by 
HenbtKebvb, Esq. F.S.A. 2 vols. 8vo. 248. 

Wilberforce.— An Inquiry into the Prin- 
ciples of Chm'ch Authority ; or. Reasons for 
I'ecalling my Subscription to the Royal 
Supremacy. By Rev. R. I. Wilbeeeobce, 
M.A. Second Edition, revised. 8vo. 5s. 

Willich's Popular Tables for ascertaining 

the Value of Lifehold, Leasehold, and Church 
Property, Renewal Fines, &c. Third Edition, 
with additional Tables of Natural or Hyper- 
bolic Logarithms, Trigonometry, Astronomy, 
Gkograpliy, &c. Post 8vo. price 98. 



Lady Willoughby's Diary (1635tol663\ 

Printed, ornamented, and bound in the ityle 
of the period to which T/ie Diary refers. 
New Edition ; in Two Parts. Sauare fc^. 
8vo. price 8s. each, boards ; or, bound in 
morocco, 18s. each. 

Wilmot's Abridgment of Blackstone's 

Commentaries on tlie Laws of England, in- 
tended for the use of Young Persons, and 
comprised in a series of Letters from a Father 
to his Daughter. A New Edition, corrected 
and brought down to the Present Day, by 
Sir John E. Eabdley Wilmot, Bart. 
12mo. price Gs. 6d. 

Wilson. — Bryologia Britannica: Con- 
taining the Mosses of Qreat Britain axid 
Ireland systematically arrangedanddescribed 
according to the Method of Brueh and 
Sckimper ; with 61 illustrative Plates, in- 
cluding 25 new ones engraved for the present 
work. Being a new Edition, with manj 
Additions and Alterations, of the Muteologu 
Britannica of Messrs. Hooker and Taylor. 
By William Wilson, President of tiie 
Warrington Natural History Society. 8vo. 
428. ; or, with the Plates coloured, £4. 4b. 

Yonge.— A New English-Greek Lexicon : 

Containing aU the Greek Words used by 
Writers of good authority. By O, D. 
YoNGE, B.A. Post4to. 21s. 

Yonge's New Latin Gradus : Containing 

every Word used by the Poets of good 
authority. By Authority and for the Use 
of Eton, Westminster, Winchester, Harrow, 
Charterhouse, and Bugby Schools; Sling's 
College, London ; and Marlborough College. 
Third Edition, carefully revised and cor- 
rected. Post 8vo. 9s. 

Youatt.— The Horse. By William Youatt 

With a Treatise of Draught. New Edition, 
with numerous Wood Engravings, fipom 
Designs by William Harvey. (Messrs* 
Longman and Co.*s Edition should be or* 
dered.) 8vo. price lOs. 

Youatt.— The Dog. By William Youatt 

A New Edition ; with numerous Engravings, 
from Designs by W. Harvey. 8vo. 6s. 

Zumpt's Grammar of the Latin Lan- 
guage. Translated and adapted for the 
use of English Students by Dr. L. Sohhitz, 
E.E.S.E. : With numerous Additions and 
Corrections by the Author and Translator. 
Fourtli Edition, thoroughly revised ; with 
an Index. Bvo. 14a. 

[Mareht 1866. 
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